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ABSTRACT

We describea proposedarchitecturefor theLargeSynopticSurvey Telescope(LSST)moving objectprocessingpipeline
basedon a similar systemunderdevelopmentfor the Pan-STARRS project. This pipelineis responsiblefor identifying
anddiscoveringfastmoving objectssuchasasteroids,updatinginformationaboutthem,generatingappropriatealerts,and
supportingqueriesaboutmoving objects.Of particularinterestarepotentiallyhazardousasteroids(PHA's).

We considerthe systemasbeingcomposedof two interactingcomponents.First, candidatelinkagescorresponding
to moving objectsarefound by trackingdetections(“tracklets”). To achieve this in reasonabletime we have developed
specializeddatastructuresandalgorithmsthatef�ciently evaluatethepossibilitiesusingquadratic�ts of thedetectionson
a modesttime scale.

For thesecondcomponentwe take a Bayesianapproachto validating,re�ning, andmerging linkagesover time. Thus
new detectionsincreaseour belief thatanorbit is correctandcontributeto betterorbital parameters.Conversely, missed
expecteddetectionsreducetheprobability that theorbit exists. Finally, new candidatelinkagesarecon�rmed or refuted
basedonpreviousimages.

In orderto assignnew detectionsto existingorbitswe proposebipartitegraphmatchingto �nd a maximumlikelihood
assignmentsubjectto theconstraintthatdetectionsmatchat mostoneorbit andvice versa.We describehow to construct
this matchingprocessto properlydealwith falsedetectionsandmisseddetections.

Keywords: Asteroids,moving objectdetection,graphmatching

1. INTRODUCTION

An importantsciencegoal for theLargeSynopticSurvey Telescope(LSST) is to �nd andtrack fastmoving objectssuch
asasteroids.Thereis a particularinterestin potentiallyhazardousasteroids(PHA's). As thesetendto haveunusualorbits,
it is importantthattheprocessfor �nding moving objectsbesetup to properlymanagethedatain astatisticalsense.

In this paperwe describea proposedarchitecturebasedon a similar systemunderdevelopmentfor thePan-STARRS
project.6 Thesystemlinks detectionsthatareidenti�ed asfrom rapidlymovingsources,andovertimere�nesandvalidates
thelinkages,therebyconstructingamoving objectcatalog.Ouroverallapproachis probabilistic,allowing uncertaintiesto
beprovidedfor all answers.For example,thesystemconstantlyre�nes its belief thataproposedlinkageis in factanorbit,
andthedegreeto whicheachdetectionis explainedby it.

Thegeneralstrategy is to breaktheprobleminto two parts.The�rst stageproposespotentiallinkagesby associating
individualpoint detectionsbasedona simplemotionmodel.Thesecondstagere�nes theselinkagesbasedon theimplied
trajectories(few linkeddetections)and�tted orbits(suf�cient numberof linkeddetections).To accomplishthiswecompute
amatrixof probabilitiesfor theassociationsbetweencandidateorbitsanddetections.Wefurthermodelfalsedetectionsand
misseddetectionsin thematrix. We thencomputea maximumlikelihoodexplanationfor eachimage,giventheproposed
linkages,usingbipartitegraphmatching.
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As new imagesarrive,theirdetectionswill eitheraddevidenceto previouslyproposedlinkagesor potentiallyseednew
candidatelinkages.In addition,sincethe list of candidatelinkageswill change,we proposeprocessingimagesfrom the
past.As a resultof theseactivities,candidatelinkagescangainor losedetections,andbecomeeithermoreor lesscertain
asvalid orbits. Eventually, poorcandidateswill beculled. Similarly, asmoredatabecomeavailable,someorbitswill be
recognizedasthesameone,andthey will bemerged.

1.1. Input

Theprocessingdescribedin thispaperreliesonthecoordinatesof possiblymovingobjectsderivedfrom imagedifferencing
results.We assumethatthis is availablenotonly for thecurrentimagegroupbeingprocessed,but for all previousimages.
Furthermore,theproposedsystemcanmakeuseof thefollowing if available:

1. Errorestimatesfor thedetections

2. Thesourcebrightnessand�lter information

3. The detectionef�ciency as a function of expectedsourcebrightness,basedon the imagelocation and viewing
direction.

1.2.Output

Themainoutputis acatalogof linkages.Informationthatwill bestored,pointedto, or computedondemandincludes:

1. Thedetectionsandcorrespondingobservationinformation

2. Thedegreeto whichwe believethateachdetectionbelongsto agivenlinkage

3. Thedegreeto whichwe believethatthelinkageis valid

4. The�tted orbit

5. Additionalcataloginformationif it exists(e.g.it is a known, namedobject)

A key capabilitythat thesystemwill provide is, for any linkage(orbit), the maximumlikelihoodpredictedposition,
andacharacterizationof thecorrespondingdistributionof predictedpositionsfor agiventime. Thisis acritical component
for internaluseby thesystem,but it is likely usefulexternallyaswell. Notethatthisprojectioncanbedoneapproximately
withouta �tted orbit by usingcurve�tting.

2. PROPOSEDAPPROACH

Givenall known detectionsatagivenpoint in time,wewould like to partitiontheminto disjointcollectionscorresponding
to orbits and a noisecategory. Probabilistically, we seekthe posteriorprobability over the partitions,given the data.
However, evaluatingall possibilitiesis computationallyintractable. Hencewe want to build a systemthat behavesas
thoughit hasa goodapproximationof that posterior, especiallyin regardsto inference.For example,we would like to
be able to predict future detectionsof a proposedobject. As a secondexample,we would like to evaluatethe datafor
potentiallyhazardousasteroids(PHA's)basedon inferredorbits.

Despitethe fact that �nding thecompletesolutionis intractable,thenatureof thedatamakesit possibleto focuson
promisingcandidatesfor linking. Ourapproachfor doingsohastwo maincomponents.Oneproducesa feedof candidate
linkagesbasedonashorttimespan— “tracklets”. This is possiblebecauseasteroidsmoverelatively little betweenrepeat
visits of thesameareaof sky in thecaseof theLSSTcadence.However, naive trackingdoesnot do very well dueto the
largeamountof noiseandambiguity. Theapproachtakento dealwith this is describedin furtherdetailbelow (§3).

Thesecondcomponentof thesystemvalidatesandimprovestheproposedlinkagesusingall data,continuingto do so
asadditionaldataarrives.Intuitively, linkageswill gainor losedetectionsasthecomputedorbit becomesmorepreciseand
moredetectionsbecomeavailable.Linkagescanalsobemergedor refuted.



Thekey observationis thattheLSSTcadenceprovidessuf�ciently redundantinformationthat,with intelligentsubse-
quentprocessing,theinitial linking describedabovepotentiallyneedsto succeedonly once.Further, theproposedlinkages
neednotbeoverly conservative,asfalselinkageswill bepruned.

Related work. Our weight matrix serves a similar role as the (generalized)assignmentmatrix in multiple-target
tracking./ Our approachhassomeelementsin commonthe the work of Oh et al.,10 althoughthat approachseems
computationallylesssuitedto our problembecausewe needto considermany moretrajectories.Finally, our approachto
computingtheprobabilitiesof associationseemsmostcloselyalignedwith thatof Virtanenet al.15

3. FINDING CANDID ATE LINKA GES

Asteroid linkage is a track initiation taskthat consistsof �nding new trajectoriesfrom point detections.Sincelinkage
servesasa pre-�lter for orbit �tting, we needto �nd detectionsfrom 3 or moredifferentnightsandcoveringa suf�cient
timespan.Theprimarydif�culty is uncoveringtheseassociationswhentimegapbetweenobservationsof thesameobject
maybelarge.

Below webrie�y describetheasteroidlinkageprocessandalgorithms.Thesealgorithmswereoriginally developedfor
thePan-STARRSsurvey to �nd initial associations.6

3.1.Linkage asa Thr eeStageProcess

Asteroidlinkageis treatedasathreestageprocessdesignedto complementthebasiccadenceof futuresurveys. Eachstage
constructslongerandmoreaccurateassociations.Speci�cally:

0 Intra-night Linking - We associatedetectionscollectedon the samenight into small sets,called tracklets, that
providepartialtrajectoryestimates(angularpositionandvelocity).

0 Inter -night Linking - Weassociatetrackletsfrom differentnightsinto largersetsincludingtrackletsfrom 3 or more
distinctnights.Theselargersetscanbeusedto moreaccuratelyestimatetheobject'smotion.

0 Orbit Fitting and Tracking - Oncewe have a suf�cient numberof detectionsfrom differentnights,we can�t an
orbit to thesedetections.Theresultingorbit canthenbetreatedasa tentativenew object.

Becausewe cannotestimatean object's full orbit, and thus actual trajectory, until we have a suf�cient numberof
detections,we mustusea differentmodelto performinitial asteroidlinkage.For example,anasteroid's trajectorycanbe
approximatedasroughly linear for intra-night linkages.12 Further, we found that a quadratictrajectoryprovidesa good
approximationovera time spanof a few weeksandcanbeusedasaneffective inter-night �lter .4

3.2.The Useof Spatial Structure

We canusespatialstructurewithin the datato make linkagealgorithmstractableon large datasetsby “pruning” away
largeportionsof thesearchspace.Thekey intuition is thatweoftenneedto �nd detections“near” agivenquerypoint. For
example,wemaybeinterestedin �nding detectionsneara tracklet'spredictedposition.Thuswecanoftenlimit thesearch
by only testingpointsin targetedspatialregions.

KD-treesareonetype of spatialdatastructurethat canbe usedto make linkagetractable.† Formally, KD-treesare
hierarchicaldatastructuresthat partition spaceby recursively splitting it alongaxis-alignedhyper-planes.1 As shown
in Figure1, eachnodein the tree representsa region of spaceand (explicitly or implicitly) a setof datapoints. The
hierarchicalstructuremakesqueriesef�cient becausewecanoftenruleoutanentirebranchof thetreeby only examining
thetop-mostnodein thatbranch.For example,asshown in Figure1.C, if we aresearchingfor pointsthat lie within r of
pointq, wecanprunethesubtreeat node8 (andall of its points)becausetheentirenodefallsoutsideof oursearchradius.

1

For a goodintroductionto theassignmentproblemin dataassociation,seeBlackmanandPopoli.2
†KD-treeshave previously beenusedto acceleratetrack/observationassociationin multiple targettracking.14



(A) (B) (C)

Figure 1. A KD-tree built from a setof two dimensionalpoints(A andB). During a spatialsearchwe canusethe tree's structureto
pruneentiresubsetsof pointsthatcannotfall within proximity r of thequerypoint q, suchasall of thepointsownedby node8 (C).

3.3. Intra-Night Linking Algorithm

Ourapproachto intra-nightlinkageis to useprior velocityboundsto �nd potentialassociationsby searchingfor detections
thatfall within thevalid rangeof movementfrom eachdetection.4 Theseassociationscanbefoundef�ciently usingaKD-
treethat incorporatesbothangularpositionandtime asdimensions.Thepotentialmatchescanthenbebuilt into longer
trackletsby usinga branchingsearchoverassociations,suchasa simpleform of multiplehypothesistracking.13

3.4. Inter -Night Linking Algorithm

Our approachto inter-night linkageis to searchfor setsof detectionsthat �t a quadraticmotionmodel,by searchingover
all quadraticmodelsthat arede�ned by pairsof tracklets.4 In addition,we ef�ciently determinewhethereachmodel is
“supported”by additionaltrackletsfrom othernights.Thisalgorithmusesanovel approachto searchingtree-basedspatial
datastructuresthat usesa variable numberof treenodesto adaptthe searchrepresentationto the currentsearchstate.5

Again, thekey to makingthis searchtractableis theability to ef�ciently pruneout largeregionsof thesearchspace.

4. FROM CANDID ATE LINKA GESTO ORBITS

Givena setof detectionsfrom differencedimagesanda setof known orbits,we wantto �nd thebestassociationbetween
thedetectionsandtheorbits.Ourapproachattemptsto accomplishthis taskby applyingbipartitegraphmatching,7 which
is awell-known techniquein graphtheory. A bipartitegraphis agraphwhoseverticesarepartitionedinto two disjointsets
whereverticesin onesetareadjacentonly to verticesin theotherset. A matchingassignsverticesof onesetto vertices
of theotherset. For thepurposeof matchingdetectionswith orbits,detectionsarerepresentedasverticesin onesetof a
bipartitegraph,andtheorbitsarerepresentedby verticesin theothersetof thebipartitegraph.A weightededgebetween
a detectionandanorbit indicateshow likely thedetectionbelongsto theorbit.

Theoverview of theproposedapproachis summarizedin Figure2. We assumethat linkagesof detectionsarecreated
by the processdescribedin Section3. The algorithmbelow describesthe overall stepsthat producea consistentsetof
long-termlinkages(with estimatesfor validity) from a setof short-termlinkages(or tracklets).

Algorithm 1: To ProduceLong-termLinkages

for ever do
Choosedatafrom animage.We considernew imagesasthey areavailable,andimagesfrom thepast.1:

Consecutivestreamsof imagescanmakeprojectionof orbitsfaster, but streamscanbeinterleaved(Section4.1).
Computetheprobabilitythateachdetectionin imageis explainedby eachorbit (Section4.2).2:

Matchdetectionsto orbitswith allowancefor outliers(Section4.3).3:

Mergeany linkagesthatneedto bemerged(Section4.4).4:

Updatedatastructures(Section4.5).5:

endfor



Figure2. An overview of theproposedsystemdescribedin thetext. Weenvisiontwo mainsubsystems.Oneprovidescandidatelinkages
of detections,andtheothervalidatesandimprovesthe linkages,continuallyimproving the linkagedatabaseover time. High certainty
linkagesandthecorrespondingorbital parametersareexportedto userorienteddatabases(notdrawn).

4.1.Projection

Wewill processat leasttwo streamsof images.Oneis thenew incomingimages.Wealsoneedto re-processesoneor more
streamsof old images.If imagescanbeprocessedin sky coveragesizebatches,someef�ciency canbereaped(explained
shortly). The projectionprocessprovidesa streamof imagestogetherwith a list of linkagesthat mayproject into the
associatedimage.

Onemethodfor computingwhich linkagesmay project into which imagesis as follows. For simplicity considera
roughly sky coveragetemporalblock (3-4 days)of imagesof known position. The detectionpositiondoesnot change
muchover this time becauseasteroidsdo not move very fast. Thusa genericpositionfor the time window canbe used
to estimatethe positionover the entirewindow. We canusethe genericpositionto considera small setof imagesthat
mighthavethisdetection,accountingfor errorsdueto thetimeapproximation.Sincewewill only needto considerasmall
numberof individual times(candidateimages)for eachobject,we canexpendmoretime computingwheretheobjectcan
appearmoreprecisely. Eachlinkageis associatedwith theimage(s)in which it mightappear.

Ideallytheprojectionprocessshouldbenoti�ed aboutchangesandadditionsto theorbit datastructures.For signi�cant
changes,the datafor the imagesthat have not yet beentaken from the queueshouldbe editedto adjustfor incoming
informationassoonaspossible.

4.2.Weight Matrix

This processcomputesa weightmatrix thatstoresthenegative log probability thata givendetectionis associatedwith a
givenlinkage.It alsohas�ctitious (phantom)orbitsto absorbfalsedetections,and�ctitious (phantom)detectionsto model
misseddetections.The computationof valuesfor the matrix arediscussedfurther in Section5. Conceptually, with all
phantomsadded,theoverall matrix is a squaretablewith onedimensionfor linkages(orbits)andtheotherfor detection.
However, we representthematrix sparselysothatzero,or very low probabilityentriesareexplicitly encodedasmissing.
This is helpful becausenegative log probabilitieshaveno stablerepresentationin �nite precision�oating point arithmetic
whenprobabilitiestend towardszero. The weight matrix is passedinto a graphmatchingalgorithmthat computesthe
minimumweightmatch,correspondingto themaximumlikelihoodassignment.

4.3.Matching

We usea global matchingtechniquethat maximizesthe probability of all assignmentsfor detectionsand orbits. As
describedabove,we constructa bipartitegraphwith onesetof verticesfor orbits(includingphantomorbits),andoneset



Figure 3. A simpleexampleshowing the differencebetweena greedyapproachto matchingandthe graphmatchingapproach.The
ovalsrepresentlevel curvesin theprobabilitydensityfunctionof detectionfor threeorbits. Thesmallcirclesrepresentdetections.The
greedyapproach(left) �nds thebestmatch,commitsto it, �nds thenext best,andsoon. Graphmatching(right) �nds theglobaloptimal
solution that minimizesthe overall total cost. In the �gure, this meansthat the large expenseof the third greedymatchis avoided.
Instead,theapproachincursa little moreerrorin thematchfor thebottomdetection,in turn for a muchlessoverall error. Recallthatin
this applicationthecostis setto thenegative log probabilityandgraphmatching�nds themaximumlikelihoodlinkage,subjectto the
1-1constraint.

of verticesfor detections(includingphantomdetections).We settheweightsaccordingto theweight-matrix.In principle,
abipartitegraphcanbeconstructedasacompletegraph,becauseanorbit canpotentiallybeassociatedwith any detection.
However, asdescribedabove,we representthematrix sparselyto avoid precisionproblemsduringmatching.An equally
importantbene�t is thatwe cansave signi�cant computationalcostby having fewer edges,ascanbearrangedby setting
onesthat aresuf�ciently unlikely to missing. Even thoughthe graphis not particularlysparsedue to the inclusionof
phantoms,thecomputationalsaving is signi�cant becausethematchingcostincreasesrapidlywith thenumberof edges.

Thiscallsfor animplementationof bipartitegraphmatchingthatsupportssparsegraphs.JonkerandVolgenant'ssparse
matrix implementation3 of thematchingalgorithmis oneof thewell known codebaseswhichgaveusthebestperformance
comparedto two others. We translatedthe sparseversionof Jonker andVolgenant's algorithmfrom Pascalto C++ and
appliedit to oursemi-sparsematrices.Preliminaryexperimentssuggestthatthresholdinglow probabilityedgesto missing
edgesresultsin signi�cantly reducedcomputationalloadin thecaseof expectedLSSTfull imagedetectiondensitieswith
50%falsedetections.

4.4.Merging Linkages

The weight matrix andotherdataneedsto be examinedto look for linkagesthat may needmerging. A candidatefor
merging arelinkagesthat are�ghting a detection. If further examinationrevealsthat they would both like to claim the
samesetof detections,thenthetwo linkagescanbemerged.Becausewe modelmissingdetectionswhenwe estimatethe
quality of a linkage(§5.6),mergescanbecon�rmed by notingan increasein quality. Quality increasesfor goodmerges
becausethecombinedlinkagewill have fewermissingdetections.

4.5.Update

The matchingprocessgivesthe new linkageswhich are thenappliedto database.In addition to the standard,obvious
updates,theprocessingcycle for eachimagemayrequirethefollowing updates:

0 Injectionof any new probablelinkages(e.g.from tracking)into datastructures.This is “out of band”in thatit is not
a functionof thematchingprocess.

0 If this is a re-processedimage,thensomeold linkagesmay be needto be revised,and this shouldbe explicitly
trackedandexportedto interestedprocesses.Similarly, linkagesthatimply signi�cant predictivechangesneedto be
exported.



0 Theprobabilitythatmodi�ed linkagesarebelievedneedsto berecomputedandaddedto thedatastructures.
0 Dueto revisiting imagesin thepast,somelinkagesmightbewhittleddown to only ahandfulof detections.Naturally,

theselinkageshave very smallprobabilityof existence.At somepoint, theseneedto beexplicitly deletedfrom the
database.This event may needto be advertisedto processesthat are interestedin further analyzingunexplained
detections.

5. WEIGHT MATRIX COMPUTATIONS

In the above algorithm,we considermatchinga subsetof orbits with a setof detections.We cancomputethe relative
probabilityof linking aparticulardetectionto aparticularorbit, but thisdoesnottakeinto accounttheglobalconstraintthat
eachorbit generallygivesriseto at mostonedetection.As alreadydiscussed,we proposeusingbipartitegraphmatching
to integratethis global information. To do this effectively, we augmentthe matchingproblemwith phantomdetections
(modelingmisseddetections)andphantomorbits (modelingfalsedetections).The phantomsare simply a convenient
book-keepingdevice,andweproposeusingsuf�cient numbersof themthateveryrealentityhasreasonableopportunityto
matchto oneasdescribedfurtherbelow.

Regardlessof whethermatchesareto realentitiesor phantoms,thecostof matchingis setto thenegativelog probability
of thematch.Thismeansthattheminimumcostmatchprovidesamaximumlikelihoodestimate,subjectto ourconstraint.
We providedetailsfor thematchingcostsfor a detectionandanorbit, a phantomdetectionandanorbit, a detectionanda
phantomorbit, andbetweenphantoms.

5.1.Preliminaries
In what follows we usep 243 for probabilitydensity. We keepthis notationevenwhentheexpressioncanbeequatedto a
realprobabilityvalue.

We equatean orbit Oi with a setof linked detections,Li . We abstractlyconsiderour goal to be a partitioningall
detectionsinto disjoint linkagesets,Li , anda setof detectionsattributed to noise. We useOi to explicitly denotethe
hypothesisthat the detectionsin Li arethe resultof the sameobject. From thesewe can�t orbital parameters,or more
generally, estimatethedistributionsover theorbital parametersandotherpotentiallyobservablequantities.In particular,
we assumethat we can computethe appropriatedensity p 2 s5 Oi 6

Li 3 , of the signal, s, due to the orbit. The signal, s,
hasassociatedangularcoordinatesandbrightness.We useds to denotea detectionof s, andassumethatwe have a good
understandingof thedetectionef�ciency, p 2 d 5 s3 , whichis expectedto beafunctionof viewing conditions.Wealsoassume
thatwe havethefalsedetectiondensityonacomparablescale,p 2 ds 5 N 3 , whereN representsnoise.

We considerbrightnessbecauseit canprovideanimportantestimateasto how likely a detectionis. For example,if a
detectionis expectedto benearthedetectionlimit, thenmissingit shouldnothavemuchnegativeimpactonourbelief that
theorbit exists.Brightnessis a functionof theposition,size,andmakeupof theobjectcombinedwith viewing conditions
and the �lter used. Its distribution as part p 2 s5 Oi 6

Li 3 can be estimatedby combiningfactorscomputablefrom orbital
parametersand�tting previousdetectionsnormalizedfor theothertwo factors.

For a given linkageof detections,Li , we have a (possiblyempty)setof misseddetections,L̃i . Technically, L̃i is a
distribution becauseLi impliesa distribution over orbital parameters,but for now we assumethat thedistribution is tight
enoughthata simplelist of misseddetectionscansuf�ce.

5.2.Matching a Detectionto an Orbit
Theprobabilitydensityof amatchbetweena detection,ds, andthelinkage,L, undertheassumptionof theorbital relation
(representedby Oi) is givenby:

p 2 ds 5 Oi 6

Li 387�9 p 2 d 5 s3 p 2 s5 o3 p 2 o 5 Li 3 do

Conceptually, onecanimagineproducingtheprobabilitydistribution by projectingnumerousinstantiationsof orbital
�ts to Li producedby samplingfrom the appropriatedistributionsover the detections(e.g. “Virtual Asteroids”8 — see
Figure4). However, to reducecomputationtime,weproposecharacterizingthisprojectionprocesssuf�ciently well sothat
it canbequickly approximated.Noticethataswegatherdataandbecomecon�dent aboutmany asteroids,wecanvalidate
andfurthertunethis process.



Figure 4. Examplevirtual asteroidsgeneratedthreedaysout (left) andsix daysout (right) from thelastobservation(scaleson thetwo
graphsarenot the same).Thesewereproducedby samplingdetectionswith simulatedGaussianerror with standarddeviation setto
0.1arc-seconds. While thedistribution increaseswith thetime from thelastobservation, it hasclearstructurethatcanbeexploited in
developingfastapproximationsfor it asa functionof theorbit. Orbit �tting wasdonewith OrbFit11 software.

5.3.Matching a PhantomDetectionto an Orbit

We introducephantomdetectionsto accountfor misseddetections.Themain ideais thatwe canavoid errorsthatwould
occur if we forceda linkageto claim a incorrectdetectionwhenthe real detectionis likely to be missed. Eachorbital
candidatelinks to all phantomdetectionswith thesamevalue,namely, theprobabilitythatits detectionwill bemissed.

Sincewe do not know thecharacteristicsof themisseddetection,we proposeestimatingtheneededdensityconserva-
tively by themaximumlikelihoodsignal,ŝ, givenby:

ŝ 7 argmax2 p 2 s5 Oi 6

Li 3:3

We thenestimatethedensityof amisseddetectionby consideringthedetectionef�ciency at ŝ:

p 2 d̃ 5 Oi 6

Li 38;<2 1 = p 2 d 5 ŝ3:3 p 2 ŝ5 Oi 6

Li 3

We proposethat the numberof thesephantomsshouldbe setby conservatively estimatingthe expectednumberof
candidatelinkagesthatwill nothavecorrespondingdetections.

5.4.Matching a Detectionto a PhantomOrbit

We introducephantomorbits to absorbfalsedetections.The weight of matchinga particulardetectionto all phantom
orbitsis thesame,namelytheprobabilitythatthedetectionis a falsedetection,p 2 ds 5 N 3 . Sinceeachdetectionhasdifferent
characteristics,thelikelihoodthat it comesfrom noisecanvary, which is modeledin this approach.Thenumberof these
phantomsshouldbesetto make thecostmatrixsquareaftertheprevioussetof phantomshasbeenadded.

Notice thatwe have themachineryin placeto develop improving estimatesfor falsedetectionrates.As we become
very con�dent of a large numberof orbits, the unexplaineddetectionscanbe minedfor bettercharacterizationsof false
detectionsasa functionof therelevantparameters.

5.5.Matching a PhantomDetectionto an PhantomOrbits

Thecostof matchingphantomdetectionsto phantomorbitsis alwayszero.Thisensuresthatphantomsarenotusedunless
needed,asthey otherwisematchto eachother.



5.6.Probability of the Orbital Hypothesis
As linkagesbecomelongerleadingto morere�ned orbital projections,andwe re-processolderdatain this context, many
outlierdetectionsassignedto anotherwisegoodlinkagewill beclaimedbyotherlinkagesor thenoisehypothesis.However,
we still needto estimatethequality of thelinkages,bothfor queries,andguidanceto whenwe shoulddisbandthelinkage
altogether.

To estimateour belief, p 2 Oi 5 Li 3 , that thedetectionsin Li aredueto a singleobject,we considerthe relative strength
of this hypothesiscomparedwith thepossibility that thedetectionsarefrom sourcesotherthanOi (denotedby Õi). We
assumethat there�nementprocesshasmaderemovedall caseswhereLi is a mixtureof detectionsdueto a singleobject
togetherwith someoutliers.Thenwe have:

p 2 Oi 5 Li 3>7

p 2 Oi 6

Li 3

p 2 Oi 6

Li 3@? p 2 Õi 6

Li 3BA

We �rst considerp 2 Oi 6

Li 3 . Sincewewantto includetheeffectof misseddetections,we have:

p 2 Oi 6

Li 387

9 Õ
ds C

Li

p 2 ds 5 o3 Õ̃
d

C

L̃i

p 2 d̃ 5 o3 p 2 o3 do

wherep 2 ds 5 o3 is theprobabilitydensityfor thedetectiongiventheorbit, p 2 d̃ 5 o3 is theprobabilityof amisseddetection,
andp 2 o3 is theprior densityoverorbitalparameters.

Theprobability, p 2 d̃ 5 o3 , canbeexpressedas:

p 2 d̃ 5 o3>7 1 =

9 p 2 d 5 s3 p 2 s5 o3 ds

We anticipatethat roughapproximationsfor theseintegralswill suf�ce, and that we will be able to computethose
approximationsreasonablyef�ciently . For example,the integral for p 2 Oi 6

Li 3 haslimited support,and p 2 o3 is nearly
constantin theregionof non-negligible support.

To estimatep 2 Õi 6

Li 3 weconsiderhow detectionscanarisewithoutOi . Onthesurfaceit appearsthatweshouldconsider
that they might comefrom otherorbits,but this doesnot make sensein our framework becausethoseorbitshave already
claimeddetectionsfor many images.Thuswe simplyassumethattheonly counterexplanationfor Li is noise.We further
assumethattheprobabilitydensityof noiseis smallenoughthatwe canignoretheinteractionbetweennoiseandL̃i . This
meanswesimplyhave:

p 2 Õ
6

Li 38; p 2 N
6

Li 38; Õ
ds C

Li

p 2 ds 5 N 3

Together, theseestimatescanprovideanestimatefor thelikelihoodthatthelinkageis correct.

6. CONCLUSION

Our approachemphasizescarefulestimationof therelevantprobabilitiesin thecontext of a veryhigh throughputsystem.
Weneedto haveagoodestimatesof how likely it is thatlinkagescorrespondto arealobject,aswell ascorrespondingerror
estimatesof orbital parameters.Thesecharacteristicsarevery desirablefor thescienti�c goalsof identifying potentially
hazardousasteroids,aswell ashaving anaccuratemovingobjectcatalogwith many new entriesthatsupportsbothstandard
andprobabilisticqueries.
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