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ABSTRACT

We describea proposedarchitecturefor the Large SynopticSuney Telescop&€LSST) moving objectprocessingipeline
basedon a similar systemunderdevelopmentfor the Pan-STARRS project. This pipelineis responsibleor identifying
anddiscoveringfastmoving objectssuchasasteroidsupdatinginformationaboutthem,generatingappropriatelerts,and
supportinggueriesaboutmoving objects.Of particularinterestarepotentiallyhazardougsteroidgPHA'S).

We considerthe systemas beingcomposedf two interactingcomponents.First, candidatdinkagescorresponding
to moving objectsarefound by trackingdetectiong“tracklets”). To achiese this in reasonabléime we have developed
specializedlatastructuresandalgorithmsthatef ciently evaluatethe possibilitiesusingquadraticts of thedetectionson
amodestime scale.

For the secondcomponentve take a Bayesiarapproacho validating,re ning, andmeming linkagesovertime. Thus
new detectionsncreaseour belief thatanorbit is correctand contribute to betterorbital parametersCorversely missed
expecteddetectiongeducethe probability that the orbit exists. Finally, nev candidatdinkagesare con rmed or refuted
basedn previousimages.

In orderto assignmew detectiongo existing orbitswe proposebipartitegraphmatchingto nd amaximumlikelihood
assignmensubjectto the constraintthat detectionsnatchat mostoneorbit andvice versa.We describehow to construct
this matchingprocesgo properlydealwith falsedetectionandmisseddetections.

Keywords: Asteroids,moving objectdetectiongraphmatching

1.INTRODUCTION

An importantsciencegoal for the Large SynopticSuney TelescopgLSST)is to nd andtrackfastmoving objectssuch
asasteroidsThereis a particularinterestin potentiallyhazardoussteroidgPHA'S). As thesetendto have unusuabrbits,
it is importantthatthe procesgor nding moving objectsbe setup to properlymanagehe datain a statisticalsense.

In this paperwe describea proposedarchitecturebasedon a similar systemunderdevelopmentfor the Pan-STARRS
project® Thesysteminks detectionghatareidenti ed asfrom rapidlymoving sourcesandovertimere nesandvalidates
thelinkagestherebyconstructinga moving objectcatalog.Our overall approachs probabilistic,allowing uncertaintiego
beprovidedfor all answersFor example thesystemconstantlyre nesits beliefthata proposedinkageis in factanorbit,
andthedegreeto which eachdetectionis explainedby it.

The generalstratgy is to breakthe probleminto two parts. The rst stageproposegotentiallinkagesby associating
individual point detectiondasedon a simplemotionmodel. The secondstagere nes thesedlinkagesbasedn theimplied
trajectoriegfew linkeddetectionsand tted orbits(suf cient numberof linkeddetections)To accomplistthiswe compute
amatrixof probabilitiesfor theassociationbetweercandidaterbitsanddetectionsWe furthermodelfalsedetectionsand
misseddetectionsn the matrix. We thencomputea maximumlik elihoodexplanationfor eachimage,giventhe proposed
linkages usingbipartitegraphmatching.
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As new imagesarrive, their detectionswill eitheraddevidenceto previously proposedinkagesor potentiallyseednew
candidatdinkages. In addition, sincethe list of candidatdinkageswill changewe proposeprocessingmagesfrom the
past.As aresultof theseactiities, candidatdinkagescangainor losedetectionsandbecomeeithermoreor lesscertain
asvalid orbits. Eventually poor candidatesvill be culled. Similarly, asmoredatabecomeavailable,someorbitswill be
recognizedasthe sameone,andthey will bememed.

1.1. Input

Theprocessinglescribedn this papereliesonthecoordinate®f possiblymoving objectsderivedfrom imagedifferencing
results.We assumehatthis is availablenot only for the currentimagegroupbeingprocessedyut for all previousimages.
Furthermorethe proposedystemcanmake useof the following if available:

1. Errorestimatedor the detections
2. Thesourcebrightnessand lter information

3. The detectionefciency as a function of expectedsourcebrightness basedon the imagelocation and viewing
direction.

1.2. Output
Themainoutputis a catalogof linkages.Informationthatwill bestored pointedto, or computedon demandncludes:

. Thedetectionsandcorrespondingbsenationinformation

. Thedegreeto which we believe thateachdetectiorbelongsto a givenlinkage

1
2
3. Thedegreeto which we believe thatthelinkageis valid
4. The tted orbit

5

. Additional cataloginformationif it exists(e.g.it is aknown, namedobject)

A key capabilitythat the systemwill provide is, for ary linkage (orbit), the maximumlik elihood predictedposition,
anda characterizatioof thecorrespondinglistribution of predictedpositionsfor agiventime. Thisis acritical component
for internaluseby the systemput it is lik ely usefulexternallyaswell. Notethatthis projectioncanbedoneapproximately
withouta tted orbit by usingcurve tting.

2. PROPOSEDAPPROACH

Givenall known detectionsata givenpointin time, we would lik e to partitiontheminto disjoint collectionscorresponding
to orbits and a noise cateyory. Probabilistically we seekthe posteriorprobability over the partitions, given the data.
However, evaluatingall possibilitiesis computationallyintractable. Hencewe want to build a systemthat beharesas
thoughit hasa good approximationof that posterior especiallyin regardsto inference. For example,we would like to
be ableto predictfuture detectionsof a proposedobject. As a secondexample,we would like to evaluatethe datafor
potentiallyhazardoussteroidPHA s) basedn inferredorbits.

Despitethe factthat nding the completesolutionis intractable the natureof the datamakesit possibleto focuson
promisingcandidategor linking. Our approactfor doingsohastwo maincomponentsOneproduces feedof candidate
linkagesbasedn a shorttime span— “tracklets”. Thisis possiblebecausasteroidsnove relatively little betweerrepeat
visits of the sameareaof sky in the caseof the LSST cadence However, naive trackingdoesnot do very well dueto the
largeamountof noiseandambiguity Theapproachakento dealwith thisis describedn furtherdetailbelow (83).

The seconccomponentf the systemvalidatesandimprovesthe proposedinkagesusingall data,continuingto do so
asadditionaldataarrives.Intuitively, linkageswill gainorlosedetectionssthecomputedrbit becomesnorepreciseand
moredetectiondecomeavailable.Linkagescanalsobe memgedor refuted.



Thekey obsenationis thatthe LSST cadencegrovidessufciently redundantnformationthat,with intelligentsubse-
quentprocessingtheinitial linking describedabove potentiallyneedgo succeeanly once.Further theproposedinkages
neednotbeoverly conserative, asfalselinkageswill be pruned.

Related work. Our weight matrix senes a similar role as the (generalized)assignmenmatrix in multiple-taget
tracking. Our approachhassomeelementsin commonthe the work of Oh et al.,}° althoughthat approachseems
computationallflesssuitedto our problembecauseave needto considermary moretrajectories.Finally, our approacho
computingthe probabilitiesof associatiorseemsnostcloselyalignedwith thatof Virtanenetal.t®

3. FINDING CANDID ATE LINKA GES

Asteroidlinkageis a track initiation taskthat consistsof nding new trajectoriesfrom point detections. Sincelinkage
senesasa pre- lter for orbit tting, we needto nd detectiondrom 3 or moredifferentnightsandcoveringa suf cient
time span.The primarydif culty is uncoveringtheseassociationsvhentime gapbetweerobsenationsof the sameobject
may belarge.

Below webrie y describeheasteroidinkageprocessandalgorithms.Thesealgorithmswereoriginally developedfor
the Pan-STARRSsuney to nd initial associations.

3.1.Linkage asa ThreeStageProcess

Asteroidlinkageis treatedasathreestageprocesslesignedo complementhebasiccadencef futuresuneys. Eachstage
constructdongerandmoreaccurateassociationsSpeci cally:

Intra-night Linking - We associatedetectionscollectedon the samenight into small sets,calledtracklets that
provide partialtrajectoryestimategangularpositionandvelocity).

Inter-night Linking - We associatérackletsfrom differentnightsinto largersetsincludingtrackletsfrom 3 or more
distinctnights. Thesdargersetscanbe usedto moreaccuratelyestimatethe object's motion.

Orbit Fitting and Tracking - Oncewe have a sufcient numberof detectionsrom differentnights,wecant an
orbit to thesedetectionsTheresultingorbit canthenbetreatedasa tentative new object.

Becausewve cannotestimatean object's full orbit, and thus actualtrajectory until we have a sufcient numberof
detectionswe mustusea differentmodelto performinitial asteroidinkage. For example,anasteroids trajectorycanbe
approximatedasroughly linear for intra-nightlinkages!? Further we found that a quadratictrajectoryprovidesa good
approximatiorover atime spanof afew weeksandcanbe usedasaneffective inter-night Iter .*

3.2. The Useof Spatial Structure

We canusespatialstructurewithin the datato make linkage algorithmstractableon large datasetsby “pruning” away

largeportionsof the searchspace Thekey intuition is thatwe oftenneedto nd detectionsnear” agivenquerypoint. For

example,we maybeinterestedn nding detectionsiearatracklet's predictedposition. Thuswe canoftenlimit thesearch
by only testingpointsin targetedspatialregions.

KD-treesare onetype of spatialdatastructurethat canbe usedto make linkagetractable! Formally, KD-treesare
hierarchicaldatastructuresthat partition spaceby recursvely splitting it along axis-alignednyperplanes! As shavn
in Figure 1, eachnodein the tree represents region of spaceand (explicitly or implicitly) a setof datapoints. The
hierarchicaktructuremakesqueriesef cient becauseve canoftenrule outanentirebranchof thetreeby only examining
thetop-mostnodein thatbranch.For example,asshavn in Figure1.C, if we aresearchingor pointsthatlie within r of
pointg, we canprunethe subtreeatnode8 (andall of its points)becausé¢he entirenodefalls outsideof our searclradius.

For agoodintroductionto the assignmenproblemin dataassociationseeBlackmanandPopoli2
TKD-treeshave previously beenusedto acceleratérack/obseration associatiorin multiple tagettracking4



ol
&

(A) ©

Figure 1. A KD-tree built from a setof two dimensionalpoints (A andB). During a spatialsearchwe canusethe tree's structureto
pruneentiresubset®f pointsthatcannotfall within proximity r of thequerypoint g, suchasall of the pointsownedby node8 (C).

3.3.Intra-Night Linking Algorithm

Ourapproacho intra-nightlinkageis to useprior velocityboundgo nd potentialassociationby searchindgor detections
thatfall within thevalid rangeof movementrom eachdetection® Theseassociationsanbefoundef ciently usingaKD-
treethatincorporatesoth angularpositionandtime asdimensions.The potentialmatchescanthenbe built into longer
trackletsby usinga branchingsearctover associationssuchasa simpleform of multiple hypothesigracking 13

3.4.Inter-Night Linking Algorithm

Our approacho inter-nightlinkageis to searchHor setsof detectionghat t a quadraticmotion model,by searchingover
all quadraticmodelsthat are de ned by pairsof tracklets? In addition,we ef ciently determinewhethereachmodelis
“supported”by additionaltrackletsfrom othernights. This algorithmusesa novel approacthio searchingree-basedpatial
datastructureshat usesa variable numberof tree nodesto adaptthe searchrepresentatioro the currentsearchstate®
Again, thekey to makingthis searcitractableis theability to ef ciently pruneoutlargeregionsof the searctspace.

4. FROM CANDID ATE LINKA GESTO ORBITS

Givena setof detectiondrom differencedmagesanda setof known orbits,we wantto nd thebestassociatiorbetween
thedetectionsindtheorbits. Our approactattemptgo accomplistthis taskby applyingbipartite graphmatding,” which

is awell-known techniquan graphtheory A bipartitegraphis agraphwhoseverticesarepartitionedinto two disjointsets
whereverticesin onesetareadjacenbnly to verticesin the otherset. A matchingassignsserticesof onesetto vertices
of the otherset. For the purposeof matchingdetectionawith orbits, detectionsarerepresentedsverticesin onesetof a

bipartitegraph,andthe orbitsarerepresentethy verticesin the othersetof the bipartitegraph.A weightededgebetween
adetectionandanorbit indicateshow lik ely the detectiorbelongsto the orbit.

Theoverview of the proposedapproachs summarizedn Figure2. We assumehatlinkagesof detectionsarecreated
by the procesgdescribedn Section3. The algorithmbelon describeghe overall stepsthat producea consistenset of
long-termlinkages(with estimategor validity) from a setof short-termlinkages(or tracklets).

Algorithm 1: To Produce_ong-termLinkages

for everdo

1 Choosedatafrom animage.We considemew imagesasthey areavailable,andimagesfrom the past.
Consecutie streamf imagescanmake projectionof orbitsfaster but streamsanbeinterleaved(Sectiond.1).
Computethe probability thateachdetectionin imageis explainedby eachorbit (Section4.2).
Matchdetectiongo orbitswith allowancefor outliers(Section4.3).
Mergeary linkagesthatneedto be meiged(Sectiond.4).
UpdatedatastructuregSectior4.5).

endfor
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Figure2. An overview of theproposedystenmdescribedn thetext. We ervisiontwo mainsubsystemsOneprovidescandidatdinkages
of detectionsandthe othervalidatesandimprovesthe linkages,continuallyimproving the linkage databasever time. High certainty
linkagesandthe correspondingrbital parametergreexportedto userorienteddatabasegnotdravn).

4.1.Projection

Wewill procesatleasttwo stream®f images.Oneis thenew incomingimages We alsoneedto re-processesneor more
streamf old images.If imagescanbe processedh sky coveragesizebatchessomeef ciency canbereapedexplained
shortly). The projectionprocessprovidesa streamof imagestogetherwith a list of linkagesthat may projectinto the
associateimage.

One methodfor computingwhich linkagesmay projectinto which imagesis asfollows. For simplicity considera
roughly sky coveragetemporalblock (3-4 days)of imagesof known position. The detectionpositiondoesnot change
muchover this time becausesteroidsdo not move very fast. Thusa genericpositionfor the time window canbe used
to estimatethe position over the entirewindow. We canusethe genericpositionto considera small setof imagesthat
might have this detectionaccountingor errorsdueto thetime approximation Sincewe will only needto considera small
numberof individual times(candidatamages)for eachobject,we canexpendmoretime computingwheretheobjectcan
appeamoreprecisely Eachlinkageis associateavith theimage(s)n whichit mightappear

Ideallytheprojectionprocesshouldbenoti ed aboutchangesndadditionsto theorbit datastructuresFor signi cant
changesthe datafor the imagesthat have not yet beentaken from the queueshouldbe editedto adjustfor incoming
informationassoonaspossible.

4.2. Weight Matrix

This procescomputesa weight matrix that storesthe negative log probability that a given detectionis associatedvith a
givenlinkage.It alsohas ctitious (phantom)orbitsto absortfalsedetectionsand ctitious (phantom)detectiongo model
misseddetections. The computationof valuesfor the matrix are discussedurtherin Section5. Conceptuallywith all

phantomsaddedthe overall matrix is a squaretablewith onedimensionfor linkages(orbits) andthe otherfor detection.
However, we representhe matrix sparselysothatzero,or very low probability entriesareexplicitly encodedasmissing.
Thisis helpful becausaegative log probabilitieshave no stablerepresentatiom nite precision oating pointarithmetic
when probabilitiestend towardszero. The weight matrix is passednto a graphmatchingalgorithmthat computeshe
minimumweightmatch,correspondingo the maximumlik elihoodassignment.

4.3. Matching

We usea global matchingtechniguethat maximizesthe probability of all assignmentgor detectionsand orbits. As
describedhbove, we constructa bipartitegraphwith onesetof verticesfor orbits (including phantomorbits),andoneset
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Figure 3. A simple exampleshaving the differencebetweena greedyapproachto matchingandthe graphmatchingapproach.The
ovalsrepresentevel curvesin the probability densityfunction of detectionfor threeorbits. The smallcirclesrepresentletectionsThe
greedyapproachleft) nds thebestmatch,commitstoit, nds thenext best,andsoon. Graphmatching(right) nds theglobaloptimal
solutionthat minimizesthe overall total cost. In the gure, this meansthat the large expenseof the third greedymatchis avoided.

Insteadthe approachincursallittle moreerrorin the matchfor the bottomdetectionjn turn for amuchlessoverall error. Recallthatin
this applicationthe costis setto the negative log probability andgraphmatching nds the maximumlik elihoodlinkage,subjectto the

1-1 constraint.

of verticesfor detectiongincluding phantomdetections) We setthe weightsaccordingio theweight-matrix.In principle,
abipartitegraphcanbe constructecisa completegraph,becaus@anorbit canpotentiallybe associateavith any detection.

However, asdescribedabove, we representhe matrix sparselyto avoid precisionproblemsduring matching.An equally
importantbene t is thatwe cansave signi cant computationatostby having fewer edgesascanbe arrangeddy setting

onesthat are sufciently unlikely to missing. Even thoughthe graphis not particularly sparsedue to the inclusion of
phantomsthe computationasaving is signi cant becaus¢he matchingcostincreasesapidly with the numberof edges.

This callsfor animplementatiorof bipartitegraphmatchingthatsupportsparseyraphs.JonkerandVolgenants sparse
matriximplementatiod of thematchingalgorithmis oneof thewell known codebasesvhich gave usthe bestperformance
comparedo two others. We translatedhe sparseversionof Jonker and Volgenants algorithmfrom Pascalto C++ and
appliedit to our semi-sparsenatrices.Preliminaryexperimentsuggesthatthresholdindow probabilityedgego missing
edgegesultsin signi cantly reduceccomputationaloadin the caseof expected_SST full imagedetectiondensitieswith

50%falsedetections.

4.4.Merging Linkages
The weight matrix and other dataneedsto be examinedto look for linkagesthat may needmeming. A candidatefor

meming are linkagesthatare ghting a detection. If further examinationrevealsthat they would bothlike to claim the
samesetof detectionsthenthetwo linkagescanbe merged. Becausave modelmissingdetectionsvhenwe estimatethe
guality of a linkage(85.6), melgescanbe con rmed by notinganincreasdn quality. Quality increases$or goodmeiges

becaus¢hecombinedinkagewill have fewer missingdetections.

4.5.Update
The matchingprocessgivesthe new linkageswhich arethenappliedto database.In additionto the standardobvious

updatesthe processingycle for eachimagemayrequirethefollowing updates:
Injectionof arny new probabldinkages(e.g.from tracking)into datastructuresThisis “out of band”in thatit is not

afunctionof thematchingprocess.
If thisis a re-processedmage,then someold linkagesmay be needto be revised, and this shouldbe explicitly
trackedandexportedto interestegrocessesSimilarly, linkagesthatimply signi cant predictve changesieedto be

exported.



Theprobabilitythatmodi ed linkagesarebelievedneedgo berecomputecdindaddedo thedatastructures.

Duetorevisiting imagesdn thepast,somelinkagesmightbewhittled down to only ahandfulof detectionsNaturally,
theselinkageshave very small probability of existence.At somepoint, theseneedto be explicitly deletedfrom the
database.This event may needto be adwertisedto processeshat areinterestedn further analyzingunexplained
detections.

5. WEIGHT MATRIX COMPUTATIONS

In the above algorithm, we considermatchinga subsetof orbits with a setof detections.We cancomputethe relative
probabilityof linking a particulardetectiorto a particularorbit, but this doesnottake into accountheglobalconstrainthat
eachorbit generallygivesrise to at mostonedetection.As alreadydiscussedywe proposeusingbipartitegraphmatching
to integratethis global information. To do this effectively, we augmentthe matchingproblemwith phantomdetections
(modelingmisseddetections)and phantomorbits (modeling false detections). The phantomsare simply a corvenient
book-keepingdevice,andwe proposeusingsufcient numbersof themthateveryrealentity hasreasonablepportunityto
matchto oneasdescribedurtherbelow.

Regardles®f whethematchesreto realentitiesor phantomsthecostof matchings setto thenegativelog probability
of thematch.This meanghatthe minimumcostmatchprovidesa maximumlik elihoodestimatesubjectto our constraint.
We provide detailsfor the matchingcostsfor a detectionandan orbit, a phantomdetectionandanorbit, a detectionanda
phantomorbit, andbetweerphantoms.

5.1.Preliminaries

In whatfollowswe usep for probability density We keepthis notationeven whenthe expressioncanbe equatedo a
realprobabilityvalue.

We equatean orbit O; with a setof linked detectionsL;. We abstractlyconsiderour goal to be a partitioning all
detectiongnto disjoint linkage sets,L;j, anda setof detectionsattributedto noise. We useO; to explicitly denotethe
hypothesighatthe detectionsn L; arethe resultof the sameobject. Fromthesewe can t orbital parametersor more
generally estimatethe distributionsover the orbital parameterand otherpotentiallyobsenablequantities.In particular
we assumethat we can computethe appropriatedensity p sO; L; , of the signal, s, dueto the orbit. The signal, s,
hasassociate@ngularcoordinatesandbrightness We useds to denotea detectionof s, andassumehatwe have a good
understandingf thedetectioref ciency, p d s, whichis expectedo beafunctionof viewing conditions.We alsoassume
thatwe have the falsedetectiondensityon a comparablescale,p ds N , whereN representsoise.

We considemrightnessecausét canprovide animportantestimateasto how likely a detectionis. For example,if a
detections expectedo benearthedetectionimit, thenmissingit shouldnothave muchnegativeimpacton our beliefthat
theorbit exists. Brightnesss a function of the position,size,andmakeupof the objectcombinedwith viewing conditions
andthe Iter used. Its distribution aspart p sO; L;j canbe estimatedoy combiningfactorscomputablefrom orbital
parameterand tting previousdetectionsiormalizedfor the othertwo factors.

For a given linkage of detectionsL;, we have a (possiblyempty) setof misseddetections;. Technically L; is a
distribution becausé.; implies a distribution over orbital parametershut for now we assumehatthe distribution is tight
enoughthata simplelist of misseddetectioncansufce.

5.2. Matching a Detectionto an Orbit

The probability densityof amatchbetweera detectionds, andthelinkage,L, underthe assumptiorof the orbital relation
(representebly O;) is givenby:

p ds O Lj pdspsopol;do

Conceptuallyonecanimagineproducingthe probability distribution by projectingnumerousnstantiationsof orbital
ts to L; producedby samplingfrom the appropriatedistributions over the detectionge.g. “Virtual Asteroids® — see
Figure4). However, to reducecomputatiortime, we proposecharacterizinghis projectionprocessufciently well sothat
it canbe quickly approximatedNoticethataswe gatherdataandbecomecon dentaboutmary asteroidsye canvalidate
andfurthertunethis process.
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Figure 4. Examplevirtual asteroidgeneratedhreedaysout (left) andsix daysout (right) from the lastobsenation (scaleson the two
graphsare not the same). Thesewere producedby samplingdetectionswith simulatedGaussiarerror with standarddeviation setto
0.1arc-seconds While the distribution increasesvith the time from the lastobseration, it hasclearstructurethatcanbe exploitedin
developingfastapproximationgor it asa functionof theorbit. Orbit tting wasdonewith OrbFit'! software.

5.3. Matching a Phantom Detectionto an Orbit

We introducephantomdetectiongo accountfor misseddetections.The mainideais thatwe canavoid errorsthatwould
occurif we forceda linkageto claim a incorrectdetectionwhenthe real detectionis likely to be missed. Eachorbital
candidatdinks to all phantomdetectionswith the samevalue,namely the probability thatits detectiorwill be missed.

Sincewe do notknow the characteristicef the misseddetectionwe proposeestimatingthe neededlensityconsera-
tively by the maximumlik elihoodsignal,$, givenby:

§ argmaxp sOj Lj

We thenestimatehe densityof a misseddetectionby consideringhe detectionef ciency at§:

pdOLi 1 pds pso L

We proposethat the numberof thesephantomsshouldbe setby consenratively estimatingthe expectednumberof
candidatdinkagesthatwill nothave correspondingletections.

5.4. Matching a Detectionto a Phantom Orbit

We introducephantomorbits to absorbfalsedetections. The weight of matchinga particulardetectionto all phantom
orbitsis the same pamelythe probabilitythatthe detectionis afalsedetection,p ds N . Sinceeachdetectiorhasdifferent
characteristicghelik elihoodthatit comesfrom noisecanvary, which is modeledn this approach.The numberof these
phantomsshouldbe setto make the costmatrix squareafterthe previoussetof phantomshasbeenadded.

Notice thatwe have the machineryin placeto developimproving estimatedor falsedetectionrates. As we become
very con dent of a large numberof orbits, the unexplaineddetectionscanbe minedfor bettercharacterizationsf false
detectionssafunctionof therelevantparameters.

5.5. Matching a Phantom Detectionto an Phantom Orbits

Thecostof matchingphantomdetectiongo phantonorbitsis alwayszero. This ensureshatphantomsarenotusedunless
neededasthey otherwisematchto eachothet



5.6. Probability of the Orbital Hypothesis

As linkagesbhecomdongerleadingto morere ned orbital projectionsandwe re-proces®lder datain this contet, mary
outlierdetections@ssignedo anotherwisegoodlinkagewill beclaimedby otherlinkagesor thenoisehypothesisHowever,
we still needto estimatehe quality of thelinkages bothfor queriesandguidanceo whenwe shoulddisbandhelinkage
altogether

To estimateour belief, p O; Li , thatthe detectionsn L; aredueto a singleobject,we considerthe relative strength
of this hypothesiscomparedwith the possibility that the detectionsare from sourcesotherthanO; (denotedby O;). We
assumehatthere nementprocesshasmaderemovedall casesvherel; is a mixture of detectionglueto a singleobject
togethemwith someoutliers. Thenwe have:

p G |-i~
pPGiL pOL

We rst considerp O; L; . Sincewe wantto includethe effect of misseddetectionswe have:

p Gi L

p O L Opdodpdopodo
ds Lj d~|:,

wherep ds o is theprobabilitydensityfor thedetectiorgiventheorbit, p d o is theprobabilityof amisseddetection,
andp o is theprior densityover orbital parameters.

Theprobability, p d o , canbeexpresseds:

pdo 1 pdspsods

We anticipatethat roughapproximationdor theseintegralswill sufce, andthatwe will be ableto computethose
approximationgeasonablyef ciently . For example,the integral for p O; L; haslimited support,and p o is nearly
constantn theregion of non-nagligible support.

Toestimatep O; L weconsidehow detectionsanarisewithoutO;. Onthesurfaceit appearshatwe shouldconsider
thatthey might comefrom otherorbits, but this doesnot make sensan our frameavork becausehoseorbits have already
claimeddetectiongor mary images.Thuswe simply assumehatthe only counterexplanationfor L; is noise.We further
assumehatthe probability densityof noiseis smallenoughthatwe canignoretheinteractionbetweemoiseandL;. This
meanswe simply have:

pOL pNL O pdsN
ds L

Togethertheseestimateganprovide anestimatefor thelik elihoodthatthe linkageis correct.

6. CONCLUSION

Our approackemphasizesarefulestimationof the relevant probabilitiesin the context of a very high throughputsystem.
We needto have agoodestimate®f how likely it is thatlinkagescorrespondo arealobject,aswell ascorrespondingrror
estimatef orbital parametersThesecharacteristicarevery desirablefor the scienti ¢ goalsof identifying potentially
hazardoussteroidsaswell ashaving anaccuratenoving objectcatalogwith mary new entriesthatsupportdothstandard
andprobabilisticqueries.
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