Interpolating Splines

Fig 2.16a. Interpolation
by a polynomial of degree 4. I

 Key idea:
— high degree
interpolates

are badly
behaved->

— construct

curves out of Fig 2.16c. Interpolation
low degree by a polynomial of degree 14.

segments




Interpolating Splines - 11

* n+1 points; X,

* write . /O/O F%

derivatives X’ /— ‘SF 3,# F2 1
e X.is spline for F1’ i I+1
interval %

between P. and
P.

1+1

Fig. 3.11. The spline segment X ;.



Interpolating Splines - 11

* Bolt together a series of e Cardinal splines Equation
Hermite curves with derivatives Optional
matching at joints (Knots).

vat Pl=|=|1-1)Py - Py)
e But where are the derivative k= > k+1 k-1
values to come from?
— Measurements . .
— Combination of points (see — tis “tension
cardinal splines--next topic) — still need to specify endpoint
— Continuity considerations tangents
— Conventions for enpoints * or use difference between first

two, last two points

(Don’t confuse t with parameter!)



Details
Optional

Tension
» larger values of tension give
Py ‘/’\\p K tighter curves (limit (as t-->1)
1s linear interpolate).
Py ®p k42 (Don’t confuse t with parameter!)
P -1
t <0 t >0

(Looser Curve) (Tighter Curve)



Interpolating Splines

e Intervals:
a=fgihi<th < - <Iyg<in=0

— t values often called “knots” At; = liv1 — L.

e Spline form:

Xr,'(t) < Ai(t — tz')B - Bz‘(t — ti)Q e Ci(t — t,,;) + D;,
t < [tz‘, ti-{-l]; = O(l)N—l,



Continuity

* Require at endpoints:

— endpoints equal
— 1’st derivatives equal
— 2’nd derivatives equal

Xt =X (1)
X;(t:) = X;_4(t:)

]

X i) = X (&)

Now we get extra information
from continuity (instead of
tension equation, tangent
measurements, etc)

or Xi(tz'.;_l) = Xi+1(ti+1):
or  Xi(ti+1) = Xip1(titr),
or  Xi(tiy1) = Xipy(titr):



Details

From endpoint and 1’st Optional

derivative:

X)) =P =D;, Xi(tiy1) = Piy1 = A;AL + B;At? + C;At; + D;,
Xit:)=P;=C;, Xi(tiy1) =P, , =3A4:At? +2B;At; + C;,

So that
1
A; = AL [2(P; — Pi1) + Ati(P; + Piyy)l,
Yielding: 1 :
H; = (AL [3(Piy1 — P;) — At;(2P; 4+ P;y,)]-
Xi(t) =

Gl G 1V (FonPriiany
P (2 @ )+ P (G Y )

(S ot o) 4 (G - 50T

P, .
il TR At A AL



Details
Optional

e Second Derivative:

1" b _ 2(t B ti) 1 . (t B ti) .
i =67 (Tazp -~ ) + P (20 + i)

+2P§(3(t-—ti)_ 2 )+2P;+1 (S(t—ti)_ 1 )

(Ati)z Ati (Ati)2 Ati
e Want:
X;"—1(ti) o X;’(tz')
e Yielding:
At Pi_1+2(Ati—1 + At) Py + At P,
At, 1 At;
= P, — P; i—1)-



Missing equations

Recurrence relations represent d(n-1) equations in d(n+1)
unknowns (d 1s dimension)

We need to supply the derivative at the start and at the
finish (or two equivalent constraints)

Options:
— second derivatives vanish at each end (natural spline)
— give slopes at the boundary

e vector from first to second, second last to last
e parabola through first three, last three points

— third derivative is the same at first, last knot



B-splines - 1

Now consider stitching together curves which do not
necessarily pass through the control points.

ILocal control

Blending functions are non-zero over limited range--thus
they are like “switches”

In the simplest case of uniformly spaced control points, the
blending functions will be shifted versions of the same
function.



B-splines - 11

e Curve (general case):

X(0) = BB, (1)

e The “order” d is:

2<d=n+1

e Usual case: nis 4, d 1s 3.



B-Spline Blending Functions

Knots °

— parameter values where
curve segments meet, as in
Hermite example

(t) oty seest e )

n+d °

Blending functions

1 t=st=st,

Bk,l(t) = {O
-1,

B 1)+
(tk+d—1 _tk) k’d_l( )

4 -1
( e ) Bk +1,d—1(t)
tk+d o tk+1

Division by 0 gives 0

otherwise

Bk,d (t) -




B-Spline Blending Functions

I ¢, =st=st,

B (1) By (1) = {0

otherwise

B, (1) = (l

tk+d—1 - tk

Bk,d—l(t)'l'( Liwa — 1

tk+d - tk+1

So, assuming uniformly spaced knots,

B.,(t)= ?



B-Spline Blending Functions

I ¢, =st=st,

B (1) By (1) = {0

B, (1) = (l

tk+d—1 - tk

Bk,d—l(t)'l'( Liwa — 1

tk+d - tk+1

otherwise

So, assuming uniformly spaced knots,

(=2 t <t<t
At k — % = Yk+1

t, —1
Bk,z(t)=<( As ) lygsStst,,,

0 otherwise




B-Spline Blending Functions

(1-1
( ") f,<t<t,,,

At
-1 o, —1
B"d(t) - (—k Bk,d—l(t) +( = B, ld—l(t) [t -t
tk+d—1 - tk tk+d - tk+1 ¥ Bk,z(t) = A Ly,<t=<t,,
0 otherwise

So, assuming uniformly spaced knots,

B (t)= ?



B-Spline Blending Functions

(t_t") f,sts<t,,
t—t t, , —t Al
B, (t)=(—k B (z)+( ed 1B, (1) t~t
A kd-1 kel -1 B ()= i ettt
tk+d—1 - tk tk+d - tk+1 k,2( ) At ket SESTh
0 otherwise

So, assuming uniformly spaced knots,

quadratic function ¢, =<t=<t,,
B, 3(t) _ Jquadratic function ¢, , <f=<f?,_,
quadratic function ¢, , <t<ft,,

0 otherwise

"
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Fig. 4.22c. The B-splines Ng1, Noj.

These figures show
blending functions with

a uniform knot vector,
knots at O, 1, 2, etc.

Note that N 1s the same as
our B

1.0 -

N12 N22

S0 o R R e N 40

Fig. 4.22d. The B-splines N2, Nas.
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Fig. 4.22e. The B-splines No3, Nis.

ﬂ

1.8




Matrix form of Uniform Cubic B-Spline
Blending Functions

-1 3 =3 1

1{3 -6 3 O
MB=_

6-3 0 3 O

_1 4 1 O_




Closed B-Splines

e Periodically extend the control
points and the knots



Fig. 4.26a.

Fig. 4.26b.

T d f r
0.0 1.0 2.0 30 4.0 5.0

Fig. 4.26. B-splines with uniform and non-uniform knot vectors
for a closed B-spline curve.



Fig. 4.27a. A closed
B-spline curve
with k = 3,n = 3.

Fig. 4.27b. A closed
B-spline curve
with k = 4,n = 6.



Fig. 4.27c. A closed B-spline curve with k = 3,n = 8.



ds

A B-spline curve, with knots at 0,1,... and order 5



Repeated knots

e Definition works for repeated
knots (if we are understanding |
about 0/0) 1.0 N3

e Repeated knot reduces | Noa /
continuity. A B-spline blending /
function has continuity C9%2; if
the knot is repeated m times,
continuity is now Cd-m-1 i

e e.g.-> quadratic B-spline (i.e.

order 3) with a double knot - r 7 x 1 )
00 10 20 30 4.0

Fig. 4.22g. A quadratic B-spline with a double knot.



Most useful case

e Select the first d and the last d knots to
be the same

E.g. cubic case below

* Notice that a control point
influences at most d parameter
intervals - local control

— we then get the first and last points
lying on the curve

— also, the curve is tangent to the
first and last segment

1.0 4

00 10 20 30 4.0 | 50

Fig. 4.24a. B-splines for an open B-spline curve
with uniform knot vector.



Fig. 4.25a. B-spline
curve with k = 3, n = 5.

Fig. 4.25b. B-spline
curve with k=4, n =7,

k 1s our d - top curve has order 3, bottom order 4



Fig. 4.24b. B-splines for an open B-spline curve
with non-uniform knot vector.



Fig. 4.25c. B-spline curve with £k = 3,n = 9 and the Bézier curve
of degree 9 with the same control polygon.

Bézier curve 1s the heavy curve



B-Spline properties

e For a B-spline curve of order d
— if m knots coincide, the curve is C¢™! at the corresponding point

— 1if d-1 points of the control polygon are collinear, then the curve is
tangent to the polygon

— if d points of the control polygon are collinear, then the curve and
the polygon have a common segment

— 1if d-1 points coincide, then the curve interpolates the common
point and the two adjacent sides of the polygon are tangent to the
curve

— each segment of the curve lies in the convex hull of the associated
d points



