
2D Transformations

• Represent linear transformations by matrices
• To transform a point, represented by a vector,

multiply the vector by the appropriate matrix.
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2D Transformations

• Represent linear transformations by matrices
• To transform a point, represented by a vector,

multiply the vector by the appropriate matrix.
• Recall the definition of matrix times vector:

[ H&B chapter 5][ H&B chapter 5]

† 

a11x + a12y
a21x + a22y

Ê 

Ë 
Á 

ˆ 

¯ 
˜ =

a11 a12

a21 a22

Ê 

Ë 
Á 

ˆ 

¯ 
˜ 

x
y

Ê 

Ë 
Á 

ˆ 

¯ 
˜ 



• A linear function f(x) satisfies (by definition):

• Note that “x” can be an abstract entity (e.g. a vector)–as
long as addition and multiplication by a scalar are defined.

• Algebra reveals that matrix multiplication satisfies the
above condition† 

f (ax + by) = af (x)+ bf (y)



• In particular., if we define f(x)=M • x, where M is a matrix and x is a
vector, then

• Where the middle step can be verified using algebra (next slide)
† 

f (ax + by) = M(ax + by)

= aMx + bMy

= af (x)+ bf (y)
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Proof that matrix multiplication is linearProof that matrix multiplication is linear



• Now consider the linear transformation of a point on a line segment
connecting two points, x and y.

• Recall that in parametric form, that point is:

• The transformed point is:

• Notice that is a point on the line segment from the point          to the
point          ,

• This shows that a linear transformation maps line segments to line
segments

† 

tx + (1- t)y

† 

f (tx + (1- t)y) = tf (x)+ (1- t) f (y)
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2D Transformations of objects

•  To transform line segments, transform endpoints
•  To transform polygons, transform vertices
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2D Transformations

• Scale (stretch) by a factor of k

M = k 0
0 k

(k = 2 in the example)



2D Transformations

• Scale by a factor of (Sx, Sy)

M = Sx 0
0  Sy!!!!!!!

(Above, Sx= 1/2, Sy =1)



2D Transformations

• Rotate around origin by q  (Orthogonal)

M = cos q -sin q
sin  q   cos q (Above, q=90o)



2D Transformations
• Flip over y axis (Orthogonal)

M = -1 0
0   1 Flip over x axis is ?



2D Transformations

• Shear along x axis

M = 1 a
0   1 Shear along y axis is ?



2D Transformations

• Translation (Pnew = P + T)

M =? 



Homogenous Coordinates
• Represent 2D points by 3D vectors
• (x,y)-->(x,y,1)
• Now a multitude of 3D points (x,y,W) represent the same

2D point, (x/W, y/W, 1)
• Represent 2D transforms with 3 by 3 matrices
• Can now do translations
• Homogenous coordinates have other uses/advantages (later)



2D Translation in H.C.

Pnew = P + T

(x’, y’) = (x, y) + (tx, ty)

M =
1 0  tx
0 1  ty
0 0  1


