
Simple example*

*used by Josh Tenenbaum in recent cog sci talk

• What you know
– John is coughing

• What do you conclude?
– John has a cold
– John has lung cancer
– John has stomach problems

Notice that the interpretation of the data is ambiguous.

The left image can be a convex with light from above, or concave
with light from below.

The right image can be convex with light from below, or concave
with light from above.

On average, we resolve the ambiguity by assuming that the light
comes from above (prior).

Model Fitting Challenges

• Robustness
– Squared error grows rapidly as distance increases
– Since large distance is unlikely given Gaussian

assumption, this means that either the assumption or
model is likely incorrect!

• How do we know whether a point is on the line?
– Incremental line fitting
– K-means line fitting
– Probabilistic with missing data

For completeness. 
Not covered in 2006



Robustness

• Squared error is a liability when model is wrong
– One fix is EM  -  we’ll do this shortly
– Another is an M-estimator

• Square nearby, threshold far away

– A third is RANSAC
• Search for good points

Least squares fit (good example) Least squares fit (destroyed by outlier)



Least squares fit (warped by outlier) Least squares fit (previous slide zoom in)

y=x2/(x2+s2)

(Curve for different
values of s shown)

Example of a robust estimator. The effect of outliers are mitigated.
After a certain distance, errors count the same.  

Line fit with estimator with good choice for s



Line fit with estimator with choice for s that is too small

If s is too small, then the data is ignored too much

Line fit with estimator with choice for s that is too big

If s is too big, then we are back towards least squares

RANSAC

• Choose a small subset uniformly at random
• Fit to that
• Anything that is close to result is signal; all  others are noise
• Refit
• Do this many times and choose the best

RANSAC

• Issues
– How many times?

• Often enough that we are likely to have a good line
– How big a subset?

• Smallest possible
– What does close mean?

• Depends on the problem
– What is a good line?

• One where the number of nearby points is so big it is unlikely to be all outliers



RANSAC and SIFT

• Powerful combination to find objects in images
• Exemplar image and image being studied typically have

different camera angle or position.
• Recall that:

– SIFT descriptors are relatively invariant to camera changes
– SIFT matching leads to lots of “false” matches

• The main idea is that true matches should “agree”
• For planar objects, the definition of “agree” is quite simple

Matching Slides to Presentation Videos

Keyframes

Slides

Keyframe Slide

local feature descriptors

location, scale, orientation and a feature vector with 128 elements

Only a quarter of keypoints shown!

SIFT (Scale Invariant Feature Transformation) keypoints review

Shown as a vector in the image



Nearest Neighbor search

Only a quarter of matches shown!

Nearest neighbor ratio has many outliers

Mappings of points on a plane in 3D satisfy a simple relation

frame keypoints slide keypoints

X’ = H X

Planar Homography

Derivation of Planar Homography
Optional

Consider a point on a plane given by
X = X
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under the two projective transforms

P = A b[ ] and !P = !A !b[ ]

This leads to two image points, λp and λ’p’. 
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Optional

Derivation of Planar Homography



Optional

Derivation of Planar Homography

Similarly, !" !p = !V
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and so !" !p = !V !V
#1
!"p = H"p

Fit homography with

RANSAC

Only a quarter of matches shown!

Constraining matches by homography

Repeat many times

RANSAC approach

Randomly select enough matches to fit homography

Compute homography

Using that homography, measure error on best (say) 50%

Output best one found

Computing Homography

Seek H where 

H is only determined up to a scale factor (eight unknowns).
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Computing Homography

Each match then gives two linear equations

!x h
3

T
X = h

1

T
X     and    !y h

3

T
X = h

2

T
X

Hence four matches are OK.

This can be solved with homogenous least squares, but this
is a bit unstable. A better way is the DLT (direct linear
transform) method.

Direct Linear Transform Method
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  are parallel, so their cross product should be zero. 

This leads to the following more stable equation for
homogenous least squares.
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Details optional

Direct Linear Transform Method

The previous system has 3 equations per match, but only two of
them are independent (one could be omitted, but no need for
least squares methods, and hard to characterize the effect of
breaking the symmetry).

By adding rows for additional points, we get the DLT method.

Details optional


