Statistical clustering

Basic, very general, generative model

=§,p(k)p(X|k)

Data density, given the above model.

r({x.})= H{ZP p(x,] )}

Example: Three bivariate Gaussians

Points sampled according to:

=§,p(k)p(X|k)

Even if we know the exact model, we cannot be sure from the
data which point comes from which cluster. We only have the
distribution for this.

EM for statistical clustering

Given the number of clusters and some data, we fit the

cluster parameters by maximizing the objective function:

({5 1)~ S toe| S (x|

This is generally intractable. (We can only find a local
maximum).

We do this with Expectation Maximization (EM).
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EM illustrated
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EM (more formally)

* Assume K clusters. Index over clusters by &, over points by 7.

* New notation for cluster membership:

For each point, n, z, is a vector of K values where exactly one

z,, =1, all others are 0. Note that Zzn,k =1.
k

EM (more formally)

* Denote cluster priors by:

Ty Ep(zkzl)

* Denote the responsibilities that each cluster has for each
point by:

_ Ty P(xn Z =1 GliS))
B an' p('xn Zn,k’ = 1’ 91(;))
o

7(z.)= p(Zn.k =1 xn,e“))

EM (more formally)

* Responsibilities For GMM:

(o)= ZN k=)
y Zn,k =
> e N(x, w2
k,




EM (more formally)

Represent the entire data set of N points, X, ,

with matrix X with rows x” .

Represent the latent variable assignments with a matrix Z.
(For the true assignment, each row is zero except for a single

element that is 1.)

We call {Z X } the complete data set (everthing is known).
The observed data, { X}, is called the incomplete data set.

EM (more formally)

We assume that computing the MLE of parameters,
arg max {log{p(2,x[6)}}
0

with complete data is relatively easy.

Recall our intuitive treatment of EM for GMM. If we knew
the cluster membership, we would know how to compute the
means.

Since we did not know the cluster membership we did a
weighted computation, which happens to be an expectation
of the complete log likelihood, over the assignment
(responsibility) distribution.

EM (more formally)

For the E step, we compute the responsibilities which is straightforward.

petine Q(6°".6")= X p(7]x.0") e (20"
z

(Expectation over p (Z |X 0% )).

The M step then computes 6" =arg max{Q(O(””,O(”)}

]

Maximizing Q is generally feasible and corresponds to the

intuitive development.

EM (more formally)

Notice the complexity of the incomplete log likelihood:

log(p(X|0)) = ;105:’(;@ p(x, G)J

nasty sum in log
The complete log likelihood we can incorporate the assignment by:

p(X,z|9):1:H:[,,;",k [p(x,0)F

So

log(p(X,Z|0)) = ;;{ZM (log(ﬁk + log(p(xn |0))))}

(No nasty sum in log; well suited for the expectation calculation).




General EM algorithm

1. Choose initial values for 6“="

(can also do assignments, but then jump to M step).
2. E step: Evalutep(Z‘X,G(“'))
3. M step: Evalute 8“*" =arg max{Q(G(””’Q(J))}
0
v Q{00 Sr{zfe) o2
Z

4. Check for convergence; If not done, goto 2.

* At each step, our objective function is increases unless it
is at a local maximum. It is important to check this is

GMM M-step

(s+1) _ (s+1) n(s)
Evalute 6 —arggnax{Q(Q ,0 )}

where Q(6°.6%)= 3. p(2|x.6") tog(p(x.2[6"))
Recall that log(p(X,Z|9))=22{zmk (1og(, )+ 1og(p(x, |9k)))}

Q(6°.6)= p(z|x.6*) ZZ{M (10g(”k)+1°g(p(xn |9k)))}

z n k

GMM M-step

Q(o".0”)=3p(z[x.0") £ 2 {z.. (1o2(m )+ 102 (s, )))}
= ;;;p(zp(’gm) {Zn,k (log(n'k)+log(p(xn |9k)))}
:ZI:; {Y(Zn.k) (log(ﬂk)+log(p(xn|9k)))}

(Intuitive?)

GMM M-step

(z|x 6" f£(n.k)

‘ZHP( 6°)£(
e NS ET STl

N n'#n

,k)  (independence!)

all possibilities without point n.

_ZP( |X9(S)) nk)




GMM M-step
Q(e.6")
=§p(z|x,9<“) zg{zk (tog(,)+ tog(p(x,I6,)))}
_ ;;zz”p(dx,ew) {20 (10g(m,) +108(p(x,16,)))}
=EXSr(n) {2, (10g(m,) +10g(p(x,[6,)))}

(Here we use the special nature of the indicator variables.

All possible values of z, are the K cluster assignments for point 7.)

= zﬂ:zk:{y(n,k) (log(ﬂk)+ log(p(xn |6, )))}

(We know that z,, is zero for k" # k)

GMM M-step

Q(G“*”,Q(”) - zz“p(Z|X,9<s)) zn“zk“{z"’k (log(n'k)+ log(p(x,, |9k)))}
= ;zk: {Y(Zn,k) (log(nk)Jrlog(p(xn |6k)))}

We need to maximize this with respect to the parameters for each
cluster, k.




