
Announcements

• Remaining things to hand in
– Take home M2 to be posted soon (Tuesday). 
– We will also have a take home final F1 

• Today’s class will end a few minutes early 
– (SISTA seminar is in Marley)

Markov chain Monte Carlo methods

• Samples are conditioned on the previous one (this is the 
Markov chain).

• We have given up the very natural preference for independent 
samples.

• Basic intuition why this might be a good idea
– If you have finally found a region of high probability, stick around for 

a bit, enjoy yourself, grab some more samples.

• MCMC is generally a good hammer for complex, high 
dimensional, problems. 

Ergodic chains

• Different starting probabilities will give different chains

• We want our chains to converge (in the limit) to the same 
stationary state, regardless of starting distribution.

• Such chains are called ergodic, and the common stationary 
state is called the equilibrium state.

• Ergodic chains have a unique equilibrium.

When do our chains converge?

• Important theorem tells us that (finite*) our chains converge 
to equilibrium under two relatively weak conditions.

• (1) Irreducible
– We can get from any state to any other state

• (2) Aperiodic
– The chain does not get trapped in cycles

• These are true for detailed balance which is sufficient, but not 
necessary for convergence. 

*Infinite or uncountable state spaces introduces additional complexities. 



Recall terminology and chain evolution

Chains (think ensemble) evolve according to:

 p z( ) = p !z( )
!z
" !T !z , z( )

Matrix vector representation:
p = T !p

And, after n iterations after a starting point:
p(n) = TNp(0)

Aside on stochastic Matrices

• T is a left (column) stochastic matrix.
– If you are right handed, take the transpose

• The column vector, p, also has non-negative elements, that 
sum to one (sometimes this is called a stochastic vector).

• Fun facts that we did on the board
– The product of a stochastic matrix and vector is a stochastic vector. 
– The product of two stochastic matrices is a stochastic matrix.

Aside on (stochastic) Matrix powers

Consider the eigenvalue decomposition of T , T = E!E"1

So, TN = E!NE"1

Since TN  cannot grow without bound, the eigenvalues
are inside ["1,1]. 

In fact, for our situation, the second biggest absolute 
value of the eigenvalues is less than one (not so easy to prove).

Aside on (stochastic) Matrix powers

We have  TN = E!NE"1
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(End of last lecture)



Aside on (stochastic) Matrix powers
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Aside on (stochastic) Matrix powers
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And,           E!"E#1p!!=!!?

Aside on (stochastic) Matrix powers
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So,               E!"E#1p!!=!!e1 e1
T $p( ) ! e1 ! p

*

In summary,  p* ! e1  and   p*  stochastic means that E!"E#1p = p*

This is true, no mater what the initial point p is. 

So, glossing over details, we have convergence to equilibrium. 

Demo

• According to the previous, if T is a stochastic matrix, then:

p* ! TNp
(No matter what p! They all will give the same answer).

Also, p* ! e(1)



Justification relies on Perron Frobenious!theorem  

From Wikipedia

Main points about P-F

• The maximal eigenvalue is strictly maximal (item 1). 

• The corresponding eigenvector is “simple” (item 2)

• It has all positive (or negative) components (item 3). 

• There is no other eigenvector that can be made non-negative.

• The maximal eigenvalue of a stochastic matrix has absolute 
value 1 (item 8 applied to stochastic matrix). 

Aside on (stochastic) Matrix powers

p* = TP*  is an eigenvector with eigenvalue one.

We have written it as p* ! e1 because e1  is the 
eigenvector normalized to norm 1 (standard form).

Intuitively (perhaps), T will reduce any component of p 
orthogonal to p*,  and TN  will kill off such components as 
N !".

Summary

Algebraic proof

Neal ’93 provides an algebraic proof which does not rely on 
spectral theory. 

(Likely homework assignment will be study this further). 



Summary so far

• Under reasonable (easily checked and/or arranged) 
conditions, our chains converge to an equilibrium state.

• Easiest way to prove (or check) that this is the case is to show 
detailed balance.

• To use MCMC for sampling a distribution, we simply ensure 
that our target distribution is the equilibrium state.

• Variations on MCMC are mostly about improving the speed 
of convergence for particular situations. 

Summary so far

• The time it takes to get reasonably close to equilibrium 
(where samples come from the target distribution) is called 
“burn in” time. 
– I.E., how long does it take to forget the starting state.
– There is no general way to know when this has occurred.

• The average time it takes to visit a state is called “hit time”. 

• What if we really want independent samples?
– We can take every Nth sample (some theories about how long to 

wait exist, but it depends on the algorithm and distribution)

Are we learning anything useful?



Metropolis-Hastings MCMC method 

• Like Metropolis, but now q() is not symmetric.

Metropolis-Hastings MCMC method 

While not_bored
{

         Sample q z z( prev)( )
         Accept with probability  A z, z( prev)( ) = min 1,

!p z( )q z( prev) z( )
!p z( prev)( )q z z( prev)( )
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         If accept, emit z,  otherwise, emit z( prev).
}

Does Metropolis-Hastings have detailed balance? 

p !z( )q z !z( )A z, !z( ) = min p !z( )q z !z( ), p z( )q !z z( )( )
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Metropolis-Hastings comments 

• Again it does not matter if we use unnormalized probabilities.

• It should be clear that the previous version, where q() is 
symmetric, is a special case. 


