EM (more formally)

We assume that computing the MLE of parameters,
arg max {log{p(2.x16)}}
0

with complete data is relatively easy.

Recall our intuitive treatment of EM for GMM. If we knew the
cluster membership, we would know how to compute the means.

Since we did not know the cluster membership we did a
weighted computation, which happens to be an expectation of
the complete log likelihood, over the assignment (responsibility)
distribution.

EM (more formally)

Notice the complexity of the incomplete log likelihood:

log(p(X|9)) = ;log(;ﬂk p(xn|9)]

nasty sum in log

By constrast, for complete log likelihood we can incorporate the assignment by:

o)=TIIT = {o( 0}

p(X.z

So

log(p(X,Z

9)) = ;;{ZW (log(nk)+ log(p(xn 6)))}

(No nasty sum in log; well suited for the expectation calculation).

EM (more formally)

For the E step, we compute the responsibilities which is straightforward.

Define Q(6".6%')= Y, p(2]x.6") og(p(x.2[6""))
VA

(Expectation of log(p(X,Z‘e“‘“))) Overp(Z’X,e“))).
The M step then computes 6“*" =arg max{Q(e(“*”,e(“))}
6

Maximizing Q is generally feasible and corresponds to the

intuitive development.

General EM algorithm

1. Choose initial values for 6"
(can also do assignments, but then jump to M step).

2.E step: Evalutep(Z X,G(“'))

3. M step: Evalute 8“*" =arg max{Q(O“*”,O(”)}
2]

)

where Q(H(”” ,6(‘)) = Zp(Z‘X,O”)) log(p(X,Z
zZ
4. Check for convergence; If not done, goto 2.
* At each step, our objective function increases unless it is

at a local maximum. It is important to check this is
happening for debugging!




General EM algorithm

* At each step, our objective function (conditioned on the
current model) increases unless it is at a local maximum.
It is important to check this is happening for debugging!

Recall our objective function:
X):HZp(k)p(x k
n k

or

log(p Zlog[z, |’<)]

Implementation tip. This is
conveniently available from the
computation of responsibilities
(before normalization).

Deriving the GMM M-step

(s+1) _ (s+1) (s)
Evalute 0 —arggllax{Q(H ,0 )}

where Q(6°.6)= 3" p(2]x.0") 1og( (X, Z]6"))
V4

Recall that log( p(X Z

0)) = ;;{zn,k (log(nk)+ log(p(xn|9k )))}

S0Q(6"".6")= X p(7]x 07) 33z (1og(,) +1og(p(x,)6,)))]

n k

Deriving the GMM M-step

( PE) e(v)) ZP(Z‘X 30)) 22{ ( ( ) log(p(xn
- ;;;p(qx,ew) {2, (10g(m,)+10g(p(x,

)}
)}

This exchanging of summing order says that
instead of summing over points and clusters for
all correspondences Z, we sum over all
correspondences for a given point and cluster.

The quantity in parentheses only interacts with
the given point and cluster from the outside. So
intuitively, most of the sum ver

Deriving the GMM M-step

( PE) 0(”) zp(z\x 9“)) ZZ{ (log(ﬂk)+log(p(xn
- ;;;p(qx,e)(») {a.s (10g(m,)+10g(p(x,

inner sum

)}
)}

This exchanging of summing order says that instead of summing over points and clusters
for all correspondences Z, we sum over all correspondences for a given point and cluster.

We will focus on the inner sum.




Z is all possible correspondences. To generate them all more explicitly, we can
consider the first point. For each possible assignment of the first point, we then
need all possible combinations of the other points. To get that, we consider all
possible assignments of the second point, together with all possible
assignments of the remaining points. This shows:

20)=22> -2()

V4 Z, 7, I3 Zy

Note that a sum over z, is short hand for a sum over cluster assignments
for point n. Hence each of the sums on the right are over clusters.

Further, because the points are independent, we have:

p(Zls)= l:[P(Zi|°)

> p(7]x.6%) -zn,k-(log(nk)ﬂog( p(x”|9k)))

z

= 222 Hp(zn,|X,9“‘>)-zn,k-(log(n'k)+log(p(xn|9k)))

(Using the two formulas from the previous page)

> p(7]X.6) +z,,+(log(z, ) +og( p(x,[6,)))

z

ner sum from previous

- 222 ];[P(Zn'|X,9(”)-Z,,.k'(log(ﬂ?k)+10g(p(xn‘9k)))
- ;P(ZJX,Q(.&)-Z,,TA,-(log(ﬂk)+log(P(xn|9k)));..Z‘Z....Z!:[np(zn,|x,9m)

All possi ies without point n.
This enti ess evaluates to unity!

(Here we move in all the sums that do not interact with
the function we are taking the expectation over that do
not interact with the outer n variable. )

Y r(7]x.6%) -zn,k-(log(nk)ﬁog( p(x”|9A)))

z

ner sum from previous

= Zzz l:[P(Z,,»|X,9<J>).z,,_k-(log(ﬂk)+log(p(xn‘9k)))
- §P(Zn|X,9(s>)-znvk-(log(nk)+log(p(xn|9k)))§...z

Zn-1 Zn

- gp(znfx,(g(u).z,,,k -(log(nk)+ log(p(x,]6, )))

(As noted, the big sum on the right is unity. It is the
probability of all possible configurations that do not
involve point n. Since this covers all cases, it is one.)




z

3 p(2]%.6) +z, . +(10g(m, )+ log( p(x,]6,)))

inner sum from previous

PpO% ZHP( [x.61)-
—ZP( Jrov)-

Z, -(log(n:k)+ log(p(xn\ek)))
9k)))222;np(z|xe”)

All possibilities without point n.
This entire mess evaluates to unity!

(log(nk)+log(p(xn|

-Sofelxo)

: 2s+{log(m,) +1og(p(x,6,)
= p(2,=1|X.6")(10g(m, ) +10g(p(x,/6,)))

(Here, remember that k is sitting outside the sum. The indicator
variable z,k, selects the probability for k from the sum over z,,
which is a sum over clusters.)

z

> p(7]X.6) +z,,+(log(z, ) +og( p(x, |6, )

um from previous

—Zz z Hp( |X,0(”)-zn‘,{-(log(nk)+log(p(xn|9k)))
_ Zp( |X v >) (log(nk)+10g(p(x”|6k)));...Z‘g....;Ep(zn,|X,0<x>)

All possibilities without point n.
This entire mess evaluates to unity!

Z,, .(1og(7rk)+log(p(xn]9k)))

= p(znk = 1|X,9<“))(log(ﬂk)+10%(17(%\@)))
=7(z..)(l0g(m.)+1og(p(x,/6,)))

Solafren)-

(definition of ¥ (Zn,k)’ the responsibility)

Deriving the M-step

(9( s+ gl )) zp(Z|X 9° )) ZZ{Z B (log(n:k)+log( ( |9k)))}
:%Zk“ {Y(Zn,k) (log(n'k)+log(p(xn |6k)))}

We need to maximize this with respect to the parameters for each

cluster, k. Notice that:
(log(ﬁk*)+log(p(xn k)))}

6 (+) o)) — 6
gQ(e ’0 )_zn‘l '}/(Zn,kx)50
(The values of k not of current interest, i.e., not k*, die)

kK K

Example —deriving the GMM M-step

)

- Q(6°.6%)= 2{7 w log(r, +log( (x |9k)))}
2{}/ 2 log (.6 )))}
Z{y s log(N(xn . Ek)))}

[«%}

[«%}

°’>00




Example —deriving the GMM M-step
N(x, |1 2,) = Wexp(—%(xn —w) T (%, a ))

1 1 _
log(N(Xn |t Zk)) = log[W] _E(X" ) = (x, - )

)
aklog(N(xn

Hy s zk))zzzl(xn_nuk)

Example —deriving the GMM M-step

%Q(eﬁﬂ)ﬁ(x)) = zn:{}’(zn_k) %(log(N(anuk, >, )))}

k

1) , .
—Q(6“",02)=0 means that
5 & )

Z{Y(Z”,k) % (Xn — U, )} =0  (Inner sigma is a matrix, not a sum).

Y {r(z.) (x,—um)}=0 (Multiply by ;")

Example —deriving the GMM M-step

So, ;{}/(z,,,k) (x, - uk)} =0




