EM in practice (continued) EM (Straight Forward Implementation)

* Memory problems ---> we can compute means, etc., as running
totals so that we do not need to store responsibilities for all
points over all clusters.

State transfer
of size O(N*K)
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Analysis of EM

e Maximizing the Q function provided a new parameter
estimate which increased the likelihood

e Showing this typically uses Jensen’s inequality

— Bishop (§9.4), instead, uses the fact that the KL
divergence between two distributions is non-negative,
but showing this uses Jensen’s.

* Given a bounded likelihood, this means the algorithm
converges to a stationary point

— Typically a local maximum but examples where it is a
saddle point can be constructed.

Analysis of EM

*  We will sketch the summary provided in the online resource
“The Expectation Maximization Algorithm: A short tutorial”
by Sean Borman

» This follows “The EM Algorithm and Extensions” by
Geoffrey McLachlan and Thriyambakam Krishnan.

e See also Bishop (§9.4)
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Figure 1: f is conver on [a.b] if f(Axy + (1 — Nao) < Af(xy) + (1 — A) f(a2)
Vay,ag € [a.b], A e [0,1].

From “The Expectation Maximization
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More generally, if f is convex, then, for

A, 20, and Z;Li =1

we have

f(zi:x,./’tijszi:/lif(xi)

(Jensen's inequality)




Result from calculas (prove via mean value theorem)

If f is twice differentiable on [a,b] and f” >0 on [a,b],

then f(x) is convex on [a,b].

Notice that f(x) =—log(x) is convex

Proof?
7=
X
F(3)=
X

f (inﬂ,ij < Zii f(x,) (Jensen's inequality)

log(inﬂ,ij > Z),i log(x;)  (~log(x) is convex)

In EM, we seek 0 to maximize L(6)= lnP(X|9)

Suppose at step n we have L(On)

L(6) — L(6,) = In (Z P(X|z, 9)7>(z|9)> —InP(X|0,). (11)
z
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L(0) — L(6n) = <ZP (X|z,0)P zw)> —InP(X|[0,)

_ <Z73X\ZH 10) - }i Z':>>—1117><X|9n>

0)P
3 P(alX.6,) X‘Z P(z|6) > —InP(X6,)

L(0) > L(6n) + A(6]6,,)

||l>

1(0]0,,) = L(0,,) + A(0]0,)

L(0) = 1(6]6n).
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P(z|X,0,)
P(X|z,0)P(z|0) Jensen’s
> ;max.mm( PaIX.0) )4 P(X[0,) (12)
P(X|z,0)P
= X, 0, —_— :
;P(z\ )1n< WX 0,07 X\Hn (13)
2 A®0)0,). (14)
inP(xjo,) = Zinp (X0, )P(:x.0,)
because P(X|9 ) does not depend on z,
From “The Expectation Maximization and ZP( n)_l
Algorithm: A short tutorial” by Sean Borman z
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Figure 2: Graphical interpretation of a single iteration of the EM algorithm:
The function 1(0)6,,) is bounded above by the likelihood function L(#). The
functions are equal at # = 6,,. The EM algorithm chooses #,,.; as the value of 6
for which 1(0]6,,) is a maximum. Since L(0) > [(0|0,,) increasing 1(6]6,,) ensures
that the value of the likelihood function L(#) is increased at each step.
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1(0,16,)

= L(0x)+ > _P(zX.0,)In

= L(6,) + A(0,160,)
= L(0n) + ZP(Z|X~ 0n)1

N P(X|z,0,)P(z]0)
P(z|X, 6,)P(X]6,)

P(X,zl0)

P(X,zl6,)

= L(0x)+)_P(zX,0,)In1

= L(0n), (16)
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t/)n+l

arg max {1(06,,)}

P(X|0,)P(z|X. 0,)

Now drop terms which are constant w.r.t. ¢

arg max {Z P(z|X,0,)InP(X|z, 9)7)(2(7’)}

argmslx{L(@,,)+Z’P(Z|X.(9,,)ln P(X|z, 0)P(2|0) }

arg max z nM?’(z.@)
argmas {ZZ:P( [X.60,)1 e 0 }

arg max {Z P(z|X,0,) InP(X, z|0)}

arg l]l{é}l‘X{EZ‘x_gn {InP(X,z|0)}} (17)
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