Inference on graphs

* Given a graph and its conditionals or potentials compute

p(9|e) (particular 6 and e, marginalizing out other variables)
p(X) (particular event, marginalizing out other variables)
argmax p(9|e) (particular 8 and e; marginalizing other variables)

argmax p(O,GN ,eN|e) (all variables, will nuisance / unobserved)

Inference on graphs

* Simplest example (Bayes’ rule) @ x x
- (a) model
- (b) illustrates observed y y y

- (c) inference reverses the arrow
(@) (b) (o)

¢ Computationally

plaly) = p(ylx)p(x)
Zp(ylx )p(x)

Marginals on a chain

T X9 TN-1 TN

p(x)=p(xl)p(x2|xl)p(x3|x2) p(xN—1|xN—2)p(xN|xN—l)

T T2 TN-1 TN
Converted to O—O— e _O_O
P(X) =V, (‘xl ’xz)‘lfzs (xzvxz) o Wnona ('xN—Z"xN—l)l//N—I,N (xN—l’xN)

Assume N discrete variables, with K values each.

Compute the marginal of a node in the middle, p(xn)

Marginals on a chain

O_ ..... _OOO_ ..... _O

T Tp—1 T Tn+1 IN

P(X) =V, (xl ’xz)WQ,z (x2 ,x3) o Ynoona (x/v-z’x/v-] )WN-],N (xN—l "xN)

Direct calculation of p( )

SEDIDID 11 B I

Tn-1 Xnt1 XN-1 AN

Computational complexity is O(KN). Way too slow!




Computing marginals on a chain efficiently

O_ ..... _OOO_ ..... _O

T Tp—1 T Tp+1 IN

P(X) =V, (xl ’xz)lllz,z (x2 ,x3) o Yyona (xN—Z’xN—l )WN-LN (xN—l "xN)

Main idea is to rearrange terms to exploit conditional
independence.

Fancy formulas from algebra

Y flnxn o )=XY Zf(xnxz xy)

Xs X2, AN XX

[
all values of each any order you like

(essentially a definition)

(Zai)(zbj)=zzaibj

Bako im0

marginals Tnt1

on a chain p(X)Zl//,_Z (xwxz)l//z,s(xz’xs) R (xN—Z’xN—l)VIN—l,N ('xN—l’xN)
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More warmup

S5 plnon) vinn)- Ty los) Tes)
M No d ndency on x,
hence we an no e Vector of si;
factor outside sum components of x2
overx;.

(Recall the distibutive law: ba+ca=a(b+c) )

er the

For example, K=2, the first component of the sum, x; , 18t
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TESEPODID N ) CRREESEN] 5 5 ) (AN

X i=1 Xy_i Xy i=n

where

Z‘ 2 z t“‘[y/rt*l.ﬂﬂﬂ(XH*I’XH*H’l):{\zwn%.n(‘xt( w‘n) {ZWz,a (xwxa){\zﬂvﬁ.z(x

and

; Z Z,ljw, m(‘w‘] 1): {Z L (xn’xml) {; Yn-an-1 (foz’fol){Xz, WNl.N(waxN)}}”'}

(Deriving the right factor is similar to doing
the left one which we did in detail.)

Matrix interpretation (for two variables)

n=l
DIPIEDY H%,,.,HH(x,.,,,x”f,ﬂ):{Zw,,,,.,,(x” -
S BT -

Vi in (xi Xt ) S0

Zy/i’ i (%,,x,,,) © sums columns to get a vector V,,,

(note transposition!)

ZWHI l+2 l+l’ t+2 21//1 i+1 xt’xtH) = Qt+2 i+1 ¢

Xitl Xi

o). {;wx_,(xz,x»{ngx(xpx;){\z’ w<>}}}}

i

Computational Complexity
Suppose each variable has K values

What is the cost of evaluating the first factor?

22 EH‘I/ Zy/”xx)g Sw., \\)Zu/ \

The cost for computing the part shown in orange is O(K 2).

Computational Complexity

Suppose each variable has K values
What is the cost of evaluating the first factor?

; Z Z UW R C z‘l’ (B, z‘/’u (x5x,) 2‘1’21 (.5 kZ Vio

The cost of the left factor is O(N K 2).
The other factor is similar.

We see that the overall cost is O(N -K 2).

Much better than the naive computation where we had O(K N )!




Message passing interpretation

ta(Zn—1) ta () 1 (n) 1 (Tnt1)

Define u,, (x,) as a message passed from node x,_, to node x, .

Define u, (x") as a message passed from node x,,, to node x, .

Passing messages will correspond to the computation of

taking input messages, and computing output messages.

Message passing interpretation

ta(Zn—1) ta () 1 (n) 1 (Tnt1)

Ho(x,)

Message passing interpretation

ta(Zn—1) ta () 1 (n) 13 (Tnt1)

2 Vo ns1 (‘xn’xn+l) Z Vo na (foz 7xN—l) Z YN (fol ’xN)

Yntl AN-1

Hy(x-1)

y(xy-2)

Message passing interpretation

ta(Zn—1) ta () 1 (n) 1 (Tnt1)

1
P(Xn)=gﬂa(xn)ﬂb(xn)

Aleorithm Send a message from x; to x;,.
g Send a message from xy to x.

Element wise multiply messages.
Normalize by sum (Z).




Computing all marginals

Na(xn_—&) Uoc_(xﬁ) Nﬁ(wn) Mﬁ($n+1)

O——0) O‘_(}“{)

1 Tn—1 Tn Tn+1 TN

To compute all marginals, send a message from left to right,
and right to left, storing the result.

Now compute any marginal as before.

This way, computing all marginals is only twice as
expensive as computing one of them.

The normalization constant is easily computed using any
convenient node.

What if a node i1s observed?

Na(xn_—&) Uoc_(xﬁ) Nﬁ(wn) Mﬁ($n+1)

O——0) O‘_(}“{)

1 Tn—1 Tn Tn+1 TN

If a node is observed, then we do the obvious. Specifically,
we clamp the values of variables to the particular case.

This means that messages flowing into it, do not affect
messages flowing out, which are set to the “clamped” value.

Factor Graphs

Suppose p(x) factorizes as:

p(x)= H f(x,) where x; are sets of of variables within x.

Make a node for each x; as usual.
Now, make a different kind of node for f{) (e.g., squares).

Draw edges between the factor nodes and the variables in the
variable set, s.

Note that the factorization formula means that we can convert
both directed and undirected graphs to factor graphs.

Factor Graph Example

Suppose p(x) factorizes as:
p(x)= Hf(xs ) =1 ('xl ’xz)fb (xl ,xz)ﬁ. (xz’x.%)fa (Xs)

The graph is:

X X9 T3

.fa .fb .fc .fd




Factor Graph Example (continued)

Suppose p(x) factorizes as:

Hf () £, (0, ) £ (2550 ) £ ()

This layout emphasizes that
= e factor graphs are bipartite.
Note two factors for the clique
for 1 and 2, suggesting that
.. 7 factor graphs can preserve extra

Factor Graph Example (2)

1

2 T ji)
Je
fa fb
I3 Z3

p(X)= p(x1)p(x2)p(x3|x1’x2)
Ja I f

fa f
' structure compared to
undirected graphs.
Factor Graph Example (2)
1

x3
second answer

Factor Graph Summary

= H f (xs) where x, are sets of of variables within x.

Denote variables by circles

Denote each factor by a square

Draw links between squares and variables in the sets x;.
Factor graphs are bipartite

Factor graph for a distribution is not necessarily unique.




pa(@n-1)  pal@n)  pp(Ea)  pp(Enia) Trees/Polytrees

—_— —_ -— -«
07. coio( ) () 07 ..... 40
/ N A directed graph is tree if the root node has no parents, others
> grap p
1 Tp—1 Tn Tn+41 TN
have exactly one parent.
Factor graphs conveniently represent the extended message An undirected graph is a tree if there is only one path
passing needed for inference on trees/polytrees. between any pair of nodes.

A directed graph is a polytree if there is only one path per
pair of nodes.

Factor Graphs and Trees Observations about factor graphs for trees

) ) Any node can be root
The factor graphs for directed trees, undirected trees,

and directed polytrees are all trees. Any node with K links splits the graph into K subgraphs

. . . which do not share nodes.
(Recall definition for undirected trees---there is only

one path between any two nodes). If we pass messages from:

1) the leaves to a chosen root;
2) the chosen root to the leaves,
then all messages that can be passed have been passed.

This means that (variable) node, x,, with K branches
divides a tree into K subtrees whose factors do not share
variables except x,.

Further, the number of messages in 1 and 2 are the same.




Observations about factor graphs

Ty

(x3 1s the root)

Sum-product algorithm

Generalizes what we did with chains.

Generalizes and simplifies an algorithm introduced as
“belief propagation”.

As with chains, consider the problem of computing the
marginal of a selected node, x,.

x connects subgraphs
with node sets A, B, C.

p(x)=F(x.X,)F(x.X,)F(x.X.)
where each of these three factors are themselves
groups of factors over x and the subgraphs.

More explicitly,
F(x,x,)=]]r(x,) withx, c{x}UA

F(x.x,)=]]r(x,) withX, c{x}UB
F(x.x.)=]]f(x,) withX, c{x}UC

p(x)= F(X’X/\ )F(X’XH)F(X’XC)
where each of these three factors are themselves

groups of factors over x and the subgraphs.
More explicitly,

F(x.x,)=]]f(x,) withX, c{x}UA
F(x.X,)=]]f(x,) withX, c{x}UB
F(x.x.)=]]r(x,) withX, c{x}UC

p(x)=Y p(x)=> F(x.X,)F(x.X,;)F(x.X.) :(ZF()C,XA)J(gF(x,XB)J(;F(x,XC)J

{x} [} A

(recall our fancy formula)

(2“1)(2b1):22a1bj




P(X) = F(x,XA)F(x,X,,)F(x,XC)
where each of these three factors are themselves
groups of factors over x and the subgraphs.

More explicitly,
x,)=[1r(x,) withX, c{x}UA
xX,,):l"[f(X,) with X, c {x}UB
)=T1f(x,) withX, c{x}UC

Consider the first factor

Considering the first factor in the product on the previous slide,

ZF(x,XA):Z F (0% 5% ) Fyy (x0,A1) Fy, (x,,,A2)

foxAlezz Al xA]Alz Z'XAZAZ

XarXaz

ZF(X’XA): 2 f(xval ’xAZ)FAI (xAl’Al)FAZ (XszAz)

A

= Z f(x,xA,,xAz)ZF xA, Al z xA2 A2
Al

XarXaz

To continue the expansion,
consider the first factor

N F(x.X,)= f(xxx0)Fa (x,,A1) Ey (x,,,42)
A A
= 2 xxm’x/u 2 Al xA]’Al ZFAZ xAzaAz)

Xa1-X42

This factor expands to

ZFAI xAl Al H ALi xAl All

nea N oa




Sum-product algorithm

We could continue on recursively until we get to the leaf
nodes, thereby computing p(x) via recursion.

However, a message passing implementation is simpler, and is
better suited to computing all marginals at once.

We defined two kinds of messages:
1) From nodes to factors.
2) From factors to nodes.

Sum-product algorithm

We defined two kinds of messages:
1) From factors to nodes.
2) From nodes to factors.

Fy(z, X5)

In analogy with chains, factor-to-node messages provide marginal
distributions for the node, for a subgraph. (In the chain case, we had
the left side and the right side).

In the chain case we did not have factor nodes. This worked because
the second kind of message (nodes-to-factor) is just “pass through” or
“copy” in the case of only two links. So, we described it as simply
passing messages from node to node.

Marginal distribution for a node x

p(x)=> [] F(x.X,) (marginalize)
= {ZF (x,XS )} (interchange sums and products)
(recall our fancy formula)

(Zai)(ij):ZZaibj

Note that each sum is simpler than what we started
with because the variable sets are disjoint except for x.

Factor — node messages

p(x)=2 ] F(x.X,)

x/x sen(x)
= 1_([) ZF(x,XS) ;
sen(x X B
R

= :ufx—wc ('x)
(x)

senlx

My (x) = ZF(ans) (factor-to-node message)
XX




Computing the factor — node messages

(sum removes all variables except x.)

lLl'f*)’C ZF 'XX

Where F(x X) f_(x,)cl,xz,...,xM)Gl (xl,X“)Gz(xz,Xﬂ)...GM(xM,XSM)

Collections of factors in the M sub-graphs

Computing the factor — node messages

(sum removes all variables except x.)

'uf\—u (x) = ;F;(x’xx)

Where F,(x,X,)=f(x,%.,%, ..., %, )G, (x,X,,) G, (x,,X,,)..Gyy (%, X1 )

;F;(X,X 22 Zf xx],xz,...,xM)

XX X1 X2 Xem

(moving products outsuie sums where possible)

SO,;FY(X,X:)=ZZ“'Z ﬁ(x,x,,xz ..... xM) H ZGm(xm,Xm)

xn X Xy mene(f\x X,

(interchanging sums and products)

ZG] (‘xl’Xxl) ZGz (xz’st) "'ZGM (xM ’XA-M)

Computing the factor — node messages

H Z Gm sm

XX mene(f\x X,

IACEAD WD W CURNS
_22 Zf (2,X,,%55 00 X H /&qf

XX mene(

where we define:

‘Lllm_>ﬁ (xm ) = ZGM (xm’Xxm)

yyyyy

(node — factor messages)

Summary of computation for factor — node message

nuf—>x 2 foxl’“ xM H .ux —>f‘
R

men fs
factor—node node—factor

Tnm

\:U‘IMHfs (l‘]y[)

%)




The node — factor message

(We have defined) Ty
By (x0) = XZGm (x.-X,, )

(For a node x,, we send its distribution

\NIM*U‘Q (l’]v[)

with the other variables in the subgraph

marginalized out.)

Computing the node — factor message

luxm—>fs (xm)z H Auf[—ncm (‘xm)

len(x,, \f,

fr

1 Nodes that only have two links just
pass the message through (i.e., in
the chain we skipped this part).

The sum-product algorithm (1)

We could implement what we have just described as recursion, but
the local view of nodes getting and passing messages suggests:

Pass messages from leaves to root. If you just want more than one
marginal or plan to do other computation, store the results.

Initialization: If leaf node is a variable node, then start with a
unity message. If leaf node is factor, then start with the factor.

Pa—yp(z) =1 pf—a(z) = f(2)

O—=, =0

T X

The sum-product algorithm (2)
We could implement what we have just described as recursion, but
the local view of nodes getting and passing messages suggests:

Pass messages from leaves to root. If you just want more than one
marginal or plan to do other computation, store the results.

Initialization: If leaf node is a variable node, then start with a
unity message. If leave node is factor, then start with the factor.

Note that all needed messages for computation will arrive at each
node eventually.

The root node can compute the needed marginal.




The sum-product algorithm (3)
To prepare for other computations (e.g, all marginals), pass
messages from the root to the leaves.

Now every node has incoming messages on all its links, and can
thus be considered the root.

Hence we can compute all marginals for twice the cost of
computing one of them.

(From before, also note that all messages that can be passed, have
now been passed).

The sum-product algorithm (4)

Another easy computation is the marginal for the group of
variables in a factor.

Intuitively (and easily shown---homework) this is given by:

The sum-product algorithm (5)

If the factor graph came from a directed graph, then the expression
for p(x) is already normalized.

Otherwise (as was the case of the chain), we can determine the
normalization constant by summing up one of the marginals
(relatively inexpensive because only one variable is involved).

Sum-product algorithm example

Let f)(X) =1, (xl’xz)fb (xz ’x3)fc (xz ’x4)

1 T3

OO0

Declare x; as
root node.

T4




nu“xl—>fa (xl):1 T

My, (22) = 21 (313,

X1

My, (x)zz Zf(x,xl, e s xM) H J TN (xm)

)\
factor—node X' w men(/s) * node—factor
T T L3
— = > _—>
O—a—C0O—=a——0
T 5

Mo, (x,)= Mo, (x, )‘uf;—mz (x,)
Uy, (x3) = Zfb ('x2’x3)‘ux2—>fb (xz)

f.
t
ILLX4—>fC (x4) = 1 T4
‘ufc_”‘z (xz) = ch (xz 7x4)
X4
Summary of messages w0, /12\ . . m
from leaves to root G f. T ’] O
f.
‘LLX1_>fa X =1 T
uf—mz xz :z‘f;(.x] XZ) o

X2




He (xz) =My (xz)l'lﬁﬁxz (xz)

Next we pass messages A SN
from root to leaves. O B () B O
£ fy
|
He sy (x3) =1 f.
|

My, (x2 ) = sz (x2 ,x3)

Candidate for third
and fourth?

— — e
Lets go towards x; first. G ()= O

U (xz) =H, ('x2)nufc—>x2 (xz)
'Ltﬁz_)xl (xl ) = Zf;l (xl Xy )Au’xz—>fa (xz)

ey (xz): . (xz).uf,,—mz (xz)
M., (x4) = ch ('x2’x4):uxz—>fc (xz)

T4

(similar to previous one)




Summary of messages 21 2 QP 23

from root to leaves.

|
1 |

l'tx;%fb x3 =
Hy i \ Xy Zfb (xz ’x3) w
X3
=Ug (xz ):uf S, (xz)

X

IWAES )y, (X)

2

ALL =X

=

e, ( 2).uf,,—>x2 (xz)

Z (5, )'uxz—ni (x,)

X2

He p \ X,

:ufcﬁxzt ‘x4

(x3)
(x,)=
‘lez_)fa(xz)
(x))
(x,)
(x,)

ﬁ(xz): Hin, (‘XZ)ILLﬁ,ﬁxz (xz)/"f; Sx, (xz)

An illustrative check l

Tq

(Zf 0.3t (% ][Zfb X5y g (x J(Zf XX, )My (xl)j

S POVIERSY DAY Rt
_ZZZJ‘ x5 £, (603,) £ (2,,%,)
:22219

XXy Xy

Handling observed variables

Usually we have observed variables (e.g., evidence). We simply
clamp those variables to their observed values.

More formally, denote hidden variables by h, and observed ones by v.
Denote the observed value as V. For each observed variable, v,,

with value ,, we can introduce factors into the graph

I(vl-,ﬁ,-)={ o

0  otherwise

Then, p(h,v=¥)=p(h,v HI

Adds factor
(needs to be normalized to get p(h|v) , but this nodes, i.e., -

is easy since we are doing sum-product.)

Max-sum algorithm

Method to compute.

x™* = argmax p(x)

X

ie., p(Xma") = mfxp(x)




Recall inference on chains

1 X9 TN-1 TN

p(x):WI,Z(xI’XZ)W2,3(‘x2’x3) WN—Z,N—](xN—Z"xN—])WN—I.N('XN—I"XN)

Naive compution of argmax p(x)

would evauate the above for each value of x,
and take the max.

Too expensive!!

Recall speeding up marginalization

OSSR 5 UASEES) B 5 s CERS)

Xy Xy i=n

Z 2 Z, 1‘_'[‘//” i i x(\h i, \J:{;‘llnfl,n(xnf”xﬂ) {;Ww(XW’CA){E‘,WM(XNXX){Z Vi, (Xl’xl)}}}"}
and

Z Z ZﬁWu—\ ("F-",H):{Z Yot ('XH’XHH) {; V/N—Z.N—l(xN—zva—l){; V/NLA'(XNPXN)}}--}

What if we could do with max() what we are doing with Y. ?

Helpful facts

First. note that.

max p(x)=max max ... max p(x)
x X X X

Second, note that.

max (ab,ac)=a max(b,c)  (fora>0)

Max on a chain

In analogy with marginals on a chain,

1 n-1 N-1
max p(x)=— max4| max max .. max Hl//,,,,_”,,ﬂ (x,.%, ;) |+| max max ... max Hl//uﬂ (x,.%.)
x Z Yy G v Yt T W iy
X

where,

n-1

i=1
rggx[wnf..”(x”f.»x")-maX(---mgX(wm(x3,x4)-rrg?x(wz,z(xz,xs)-rgax(w..z(xl,xz)))m

and similarly for the part in red.




Max-sum algorithm

Two steps.
1) Compute the max while remembering certain computations
2) Compute a value of x that achieves the max

The message passing algorithm for step (1) is clear from the
analog with the “sum-product” algorithm, except that it would

then be called the “max-product” algorithm.

Computing long products looses precision (*), so we switch to
log(), and call it the max-sum algorithm.

(*) Less of an issue with marginalization.

Max-sum algorithm (continued)

Note that

1n(mftx(p(x))) = mflx(ln(p(x)))

And we have
ln(max(ab,ac)) = max(log(ab),log(ac))
=max(In(a)+In(b),In(a)+In(c))
= ln(a)+max(1n(b)+ ln(c))

(In general, max(x +y,x+z)=x+max(y,z))

Can also get this from taking logs of product version,

namely: max(ab,ac) =a- max(b,c), fora=>0)

Max-sum algorithm

Working now in analogy with the sum-product algorithm (*)

My, (x)= x1gax lnf(x, Xps Xy oves xM)+ Z M, (xm)

ot men( f,\x
and

ue,(x)= Hys, (%)

len(x)\f

*Recall that in sum-product: g1, (x)=Y, .. > f(x.x. . x,) [ #oop (%)
— x| Xy

men(f\ )\x

factor—node node—factor

Max-sum algorithm

Working now in analogy with the sum-product algorithm

For initialization at leaf nodes

uf—)x (x) = 0
and

ey (3)=In(f ()




Max-sum algorithm

Working now in analogy with the sum-product algorithm

To compute the max using the choosen root node,

In(p™ )= max > o, (x)

sen(x)

Max-sum algorithm

Now we need to find an x where p() reaches the max.
This does not have an exact analogy in the sum-product algorithm.

Why we do not know x yet:

The factor-to-node messages takes a distribution for the
maxima over the upstream variables, and multiplies it by the
factor (sum using logs), and reports a new distribution.

We do not yet know which value in the new distribution will
be part of the maximum (it is not necessarily argmax of the
reported distribution).

Max-sum algorithm

Can passing messages backwards find the arg max?

At the root node, which is a product (sum in logs), when we find the
maximum, we can easily record the argmax for that node’s variable, and
it will be a valid for a particular maximizing configuration.

In analogy with sum-product, we might be tempted to send messages
backwards to “finish the job” to get values for the other nodes.

But this can fail if there is more than one maximal configuration.
You can get pieces of each one!

We are only sure that the value is part of some maximal configuration.

You could end up with an inconsistent set of values.

Max-sum algorithm

Adjustment to forward message passing for “backtracking:”

The factor-to-node operations store the dependencies for the
various choices of x; .

Then, once the node-to-factor backtracking expresses a choice,
a consistent set of values for x; for the max can be found.

For example, suppose the root node could choose either setting
its variable to 2 or 3, 2. Then it sends to the incoming nodes,
the value “2”. Those nodes need to know how their incoming
links have maximized to get the value for “2” passed to the
root.




Max-sum algorithm (back-tracking)

In more detail, when we compute

K, (x)= max |In F(3, %%y, o Xy, )+ z ,uxm_)f(xm)

X)Xg s s Xy men( f,\x

store

¢(x):argmax lnf(x, XXy eens XM)+ 2 :ux,,,—>f(xm)
X| X s ey Xpg men( f,\x

(This records the downstream choices for any upstream choice of x)

Then, once we know the overall max, we can recover a set of
x; that leads to it by backtracking.

Max-sum in pictures ‘

Product
(sum in logs)

Max over all variables except x3. /\

If there are duplicates (e.g., dark k
blue), then we choose one. Each

chosen max (magenta dots) is .
associated with a back pointer
for that slice, ¢(x) . [ )

X3

Product (sum in logs) of the incoming
messages (e.g. p(x;) and p(x2)) and
the factor (e.g. p(x3/ x1, x2)).

/

4

root needs to choose one and sends
its choice back towards the leaves.

Two values give the same max. The

4

Look up stored back pointer
for the back-traced value.
This back pointer, ¢(x), has
indices of the variables, x;
and x, that correspond to
the chosen max.

X3

The stored values for the
argmax() for x; are now
passed back to the source
of x; and x2.

X




